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Abstract

Due to the weakness of gravitational coupling, all quantum experiments up to date in which gravity
plays a role utilized the field of the Earth. Since this field undergoes practically undetectable back-
action from quantum particles, it effectively admits a classical description as a fixed background
Newtonian field or spacetime. This argument strongly motivates theoretical and experimental research
towards a demonstration of gravitation between two quantum masses, as this is one of the most
straightforward scenarios where quantum features of gravity could be observed. Several proposals
studied the possibility of generating entanglement between two massive objects. Along the same lines,
with a particular focus on gravity, this thesis introduces general tools to tackle interaction-mediated
entanglement and applies them to two particles prepared in continuous-variable states.

In order to pursue this aim systematically, this dissertation begins by introducing methods to
precisely simulate the dynamics of quantum systems coupled by weak interactions. We improve the
accuracy of the numerical implementation of Cayley’s operator and develop a methodology to avoid
reflections from numerical infinities. We derive a condition under which a product state from the
laboratory (LAB) perspective remains a product state in the center-of-mass (COM) frame, which
reveals that only certain states are transformed into disentangled states. Even though the primary
focus is on gravity, all the developed methods apply to arbitrary central interactions, and considerable
parts of this thesis are devoted to explicit demonstrations of this versatility. Accordingly, the first
application is to investigate the head-on collision in the Rutherford experiment, with the projectile
treated as (realistic) localized wave packets. We observe various nonclassical effects in the average
trajectories and trace them back to the convexity properties of the Coulomb potential with the help
of Jensen’s inequality. The concluding chapter also comments on the projectile-target entanglement.

Our next goal is to simplify the possible observation of weak gravitational entanglement in an
inevitably noisy laboratory. The basic idea is to amplify correlations by pushing the particles toward
each other, hoping that an ever-increasing gravitational interaction will automatically lead to a higher
accumulated entanglement. A toolbox is developed that quantifies the entanglement gain between
the two particles directly in the COM frame of reference, thereby eliminating the need for inverse
transformations back to the LAB frame. We start with the standard practice of the second-order
truncation of quantum Newtonian potential, which has long kept the mathematical complexities at

a minimum by forcefully constraining the system into the regime of (very well-understood) Gaussian
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Quantum Information. While it is known that an analytical solution exists, we utilize Ehrenfest’s
theorem to derive the covariance matrix in an exact closed form. The resultant entanglement is
insensitive to relative motion between the two particles.

The less-understood non-Gaussian regime triggered by the cubic and higher-order potentials
is considered next. We develop a hybrid analytical-numerical scheme to faithfully estimate the
entanglement gain with the help of algorithms in Google TensorNetwork. The entanglement is found
to be sensitive to relative motion only when the system evolves into the non-Gaussian regime. We
prove that the position-momentum correlations originate from the force gradient in relative motion.
A derivation of closed forms for the non-Gaussian entanglement gain follows with informed guesswork.
In experiments, it will be challenging to screen the system from all interactions but gravity. With
this in mind, we develop tools to quantify the entanglement with multiple central forces acting
simultaneously.

As the final application, the thesis discusses an entanglement-based test of the Modified Newtonian
Dynamics (MOND), a candidate explanation of dark matter effects which proposes to modify Newton’s
second law and/or the gravitational force law for accelerations smaller than ~ 107!% m/s2. One
verifies that the masses recently cooled by the Aspelmeyer group in Vienna, when separated by a
distance of a few times their radius, are into the regime of accelerations where MOND is relevant.
Accordingly, the tools developed in this thesis offer an opportunity to test the assumptions behind
MOND through entanglement between two nearby quantum masses. We develop an experiment where
departures from Newtonian gravity are certified by simply witnessing the entanglement generation

starting from thermal states.



Publications

Contributions in Peer-Reviewed Journals

1) Nonclassical Trajectories in Head-On Collisions
Ankit Kumar, Tanjung Krisnanda, P. Arumugam, and Tomasz Paterek

Quantum 5, 506 (2021) arXiv:2011.06470

2) Continuous-Variable Entanglement through Central Forces: Application to Gravity between Quantum

Masses
Ankit Kumar, Tanjung Krisnanda, P. Arumugam, and Tomasz Paterek

Quantum 7, 1008 (2023) arXiv:2206.12897

3) Testing Modified Gravity with Coupled Microspheres
Ankit Kumar, Yen-Kheng Lim, P. Arumugam, Tom Ztosnik, and Tomasz Paterek

manuscript under review arXiv:2306.14938

Contributions in Peer-Reviewed Conference Proceedings

1) Closest Approach of a Quantum Projectile
Ankit Kumar, Tanjung Krisnanda, P. Arumugam, and Tomasz Paterek

Journal of Physics: Conference Series 1850, 012074 (2021) arXiv:2112.13296

Contributions in Public Scientific Repositories

1) An Accurate Pentadiagonal Matrix Solution for the Time-Dependent Schrodinger Equation
Ankit Kumar, and P. Arumugam

Zenodo.7275667 GitHub/vyason/Cayley-TDSE arXiv:2205.13467


https://doi.org/10.22331/q-2021-07-19-506
https://arxiv.org/abs/2011.06470
https://doi.org/10.22331/q-2023-05-15-1008
https://arxiv.org/abs/2206.12897
https://arxiv.org/abs/2306.14938
https://doi.org/10.1088/1742-6596/1850/1/012074
https://arxiv.org/abs/2112.13296
https://doi.org/10.5281/zenodo.7275667
https://github.com/vyason/Cayley-TDSE
https://arxiv.org/abs/2205.13467

viii Publications

Contributions in Peer-Reviewed Journals

(beyond this Thesis)

1) Constraining the Parameterized Neutron Star Equation of State with Astronomical Observations
Jaikhomba Singha, S.M. Vaneshwar, and Ankit Kumar
Research in Astronomy and Astrophysics 23, 055001 (2022) arXiv:2203.14722

2) Pasta Properties of the Neutron Star within Effective Relativistic Mean-Field Model
Vishal Parmar, H.C. Das, A. Kumar, Ankit Kumar, M.K. Sharma, P. Arumugam, and Suresh

Kumar Patra

Physical Review D 106, 023031 (2022) arXiv:2203.16827


https://doi.org/10.1088/1674-4527/ac5731
https://arxiv.org/abs/2203.14722
https://doi.org/10.1103/PhysRevD.106.023031
https://arxiv.org/abs/2203.16827

Acknowledgements

I give a gazillion thanks to my supervisors Prof. Arumugam and Prof. Paterek for all their thoughts
and guidance. I appreciate the time we spent together discussing and arguing throughout my Ph.D. I
am forever indebted to Prof. Arumugam for his encouragement and support. He has always believed in
me, even at my lowest. I am most grateful to Prof. Paterek for all his efforts and the time he invested
in me. I will forever remember his kind gestures. He went out of the way many times and always
treated me like family whenever I visited him. Special gratitude to Dr. Tanjung Krisnanda, who
has been helping me out since the beginning. His suggestions have made this research much better
than it would have been otherwise. Many thanks to our colleagues, Prof. Yen-Kheng Lim, Prof. Tom
Ztoénik, Prof. Karolina Kropielnicka, Dr. Jacek Alexander Gruca, Dr. Ray Ganardi, Dr. Andy Chia,
Ankit Kumar, and Jaikhomba Singha, for their collaboration.

I had the opportunity to co-supervise undergraduate and postgraduate students who were keen
in pursuing research. I would like to thank Aman, Saksham, Mullai, Agrima, Vaibhav, and Dhatri,
for their contributions to our projects. I wish the best of luck in their future endeavors. Continual
assessments and suggestions from my SRC members, Prof. Tashi Nautiyal, Prof. Rajdeep Chatterjee,
and Prof. A. Swaminathan, are gratefully acknowledged. I thank the Head(s) of the Department,
Prof. K. L. Yadav, Prof. G. D. Varma, and Prof. Vipul Rastogi, for their support in my funding
applications. I thank my colleagues Dr. Swati Modi, Dr. Kai Sheng Lee, Dr. Marek Miller, Mr. Jaikhomba
Singha, Mr. Ashutosh Singh, and Mr. Himanshu Grover, for our time together. Gratitude to
Ashutosh, Himanshu, Mehak, Manish Kumar Bairwa, Bhavnesh, Ankit Das, Pooja Yadav, and
Sanjeev Thakur, for their help in proofreading this thesis. I would also like to acknowledge Mr. Ashish
and Mrs. Arti, who have helped me with various administrative work throughout my stay at II'T
Roorkee.

This thesis belongs to some very important people in my life: my late grandparents Kehar Singh
and Krishna, my parents Anil Kumar and Pushpa, my hardworking brother Vipul, and my sisters
Tanisha and Manisha (Kaju). I have been encouraged and sustained by the greatest group of friends
anyone ever had: Sandeep Saini (Tiger), Rishabh Duhan, Rahul Dixit, Abhishek Tomar, Mayank
Agarwal, Hansha Pandey, and Akshay Kumar. They are the people who are always honest with me,
people whom I trust with my life, and the people whom I can share literally anything. I wish them

the best of luck with my wholehearted support in their lives going forward. I thank Vishal Choudhary



X Acknowledgements

and Anil Khilchar (Bhism Pitamah), who brought joy to the workplace. The fun and laughter we
had in the Data Lab kept all the stress away. Thank you to my friends Manmohan Singh Thakur
(Mannu), Vikrant, Vishakha, Shubham Singh, Veerpal, Savita, Shikha, Himani Verma (Doraemon),
Gagandeep Singh, Sushant Kumar (Sir), Vijay Manav, Amardeep Manav, and Saket Agrawal, for
their company.

This work has been generously supported by the (i) Ministry of Education (MoE), Govt. of
India, via doctoral research fellowship, (ii) Nanynag Technological University (NTU), Singapore,
via NTU-India Connect Research Program, (iii) Indian Institute of Technology Roorkee (IIT
Roorkee), India, (iv) Polish National Agency for Academic Excahange (NAWA), Poland, via
project PPN/PP0O/2018/1/00007/U /00001, (v) IIT Roorkee Heritage Foundation (IITRHF), USA,
via Pledge a Dream grant, (vi) Xiamen University Malaysia (XMUM), Malaysia, via project
XMUMRF/2022-C10/TPHY /0002, and (vii) Science and Engineering Research Board (SERB),
Govt. of India, via project CRG/2022/009359. I acknowledge the National Supercomputing Mission
(NSM) for providing computing resources of ‘PARAM Ganga’ at IIT Roorkee, which is implemented
by the Centre for Development of Advanced Computing (C-DAC) and jointly supported by the
Ministry of Electronics and Information Technology (MeitY), and the Department of Science and
Technology (DST), Govt. of India.

Ankit Kumar

“It is difficult for the children to repay the debt of what

the mother and the father have done to bring them up.”

Shri Rama to Rishi Vasishtha

Dedicated to my mother Pushpa & my father Anil Kumar



Contents

Abstract

Publications

Acknowledgements

Contents

1 Introduction
1.1 Motivation . . . . . . . . e e e
1.2 Objectives . . . . . . . . e
1.3 Organization of the Thesis . . . . . . . . . . . . . . . ... . e

2 Quantum Mechanical Wave Packet Dynamics

3

2.1 Introduction . . . . . . . . . L
2.2 Cayley’s form of evolution operator . . . . . . . . . . ... oL
2.3 The tridiagonal discretisation . . . . . . . . ... ..o Lo o
2.4 The pentadiagonal discretisation . . . . . . . .. .. ... 0oL
2.5 Comparison of numerical errors . . . . . . . . ...
2.6 The heartbeating inside a box . . . . . . . . . ... Lo
2.7 Bipartite wave packet dynamics . . . . ... ..o
2.8 SUmMmMAry . . . . ..o e e e e

Head-On Collision in Rutherford Experiment

3.1 Introduction . . . . . . . . . . . e
3.2 Ehrenfest’s dynamics and classical limit . . . . . .. ... ... ..o
3.3 Comparison of classical and quantum trajectories . . . . . . . .. ... ... ... ...
3.4 The quantum distance of closest approach . . . . . . .. .. .. ... 0L
3.5 Quantum tunneling and the WKB limit . . . . ... ... ... ... .. ...
3.6 Rutherford’s experiment with photons . . . . . . . . ... ... ... ... .. ...,

3.7 Prospects and limitations . . . . . . .. . ...

vii

ix

xi

11
12
13
15
17
22



xii Contents
3.8 The case of two colliding wavepackets . . . . . . . . .. ... oL 38
3.9 Numerical details . . . . . . . . . 39
310 SUMMATY . . . . o v o e e e e 41

4 Gravitational Entanglement between Freely Falling Masses 43
4.1 Introduction . . . . . . . . . e 44
4.2 Experimental setup . . . . . ... oL 45
4.3 Entanglement gain with quadratic interactions . . . . . . . ... ... ... ... ... 48
4.4 Force gradient as the driver of quantum correlations . . . . . .. ... ... ... ... 50
4.5 Entanglement gain with cubic interactions . . . . . . . .. ... L Lo 51
4.6 Non-Gaussianity is necessary but insufficient . . . . . ... ... ... ... ... ... 53
4.7 Contributions of higher-order terms . . . . . . . . .. . ... L Lo L 55
4.8 The case of optomechanically levitated masses . . . . . . . .. ... ... ... .. ... 57
4.9 Compatibility with arbitrary central interactions . . . . . . .. ... ... ... ..., 59
4.10 Gravity and Casimir acting side by side . . . . . . . . .. ... .. 0. 60
4.11 Galilean relativity and a drifting COM . . . . . . . .. .. ... ... ... 62
4.12 Numerical details . . . . . . . . . oL 63
4.13 Summary . . . ... e e e e 63

5 Probing Galactic Rotation with Entanglement of Microspheres 65
5.1 Introduction . . . . . . . . . L 65
5.2 Modified Newtonian Dynamics . . . . . . . . . . .. ... L o o 67
5.3 Gravitation between microspheres . . . . . . . . .. ... 69
5.4 Gravitational entanglement . . . . . . ... oL L o 71
5.5 The external field effect . . . . . . . . .. 73
5.6 SUMMATY . . . . o v e e e e e e e e 74

6 Summary and Outlook 75
6.1 Summary and conclusions . . . . . . . ... 75
6.2 Applications and future work . . . . . . ... ... 77

A Statistical Transformation of a Two-Mode Gaussian State 83

B Ehrenfest’s Dynamics in COM Frame 85
B.1 Free evolution of the COM . . . . . . . .. .. . 85

B.2 Evolution of the reduced mass . . . . . . . . . . . . ... 86



Contents xiii
C Quantification of Bipartite Entanglement 89
C.1 Bipartite covariance matrix . . . . . . . . . . ... 89
C.2 Logarithmic negativity . . . . . . . . .« . 91
C.3 Entropy of entanglement . . . . . . . . ... 91
D Thermal Equilibrium of a Simple Harmonic Oscillator 93
D.1 Partition function and phonon number . . . . . .. ... L Lo oL 94
D.2 Covariance matrix and entanglement negativity . . . . . . . . .. .. .. ... ... .. 95
D.3 Probability density functions . . . . . . ... Lo 97
D.4 Wigner function . . . . . . . Lo 98
Bibliography 101






Chapter 1

Introduction

Quantum mechanics originated in the 1920s when physicists such as Max Planck, Albert Einstein, and
Niels Bohr, among others, sought to explain the peculiar behavior of light and atoms. Although its
interpretation is still under debate, quantum mechanics is widely accepted as the theory of the atomic
world. Since its inception, the quantum theory has led to numerous groundbreaking discoveries that
cultivated our modern technologies. Over time, it has branched out and opened up new avenues in
chemistry [1], biology [2], computer science [3], medicine [4], etc.

The concept of entanglement was first introduced in 1935 by Einstein, Podolsky, and Rosen [5],
when they (EPR) proposed a thought experiment to illustrate what they perceived as a paradox in
quantum mechanics. Two particles, once interacted and then separated, could admit instantaneously
correlated ‘elements of reality’, violating the principle of locality. Similar observations were made
by Schrodinger in the same year [6]. Such behavior was famously known as “spooky action at a
distance”, and many physicists grappled with its implications for a long time.

Entanglement gained significant attention after 1964, when John S. Bell proposed a way to test
EPR ideas [7]. He derived a set of inequalities which can only be violated if two particles are truly
entangled. Later in 1974, Clauser and Freedman provided the first evidence of such a violation in
their experiments with pairs of photons [8], confirming the existence of entanglement. All such
inequalities are grouped under the umbrella of the Bell’s theorem, which stands as one of the
most important contributions to modern theoretical physics. With improvements in experimental
techniques, researchers could demonstrate and manipulate reliable entanglement between photons,
electrons, and atoms. Entanglement is now regarded as one of the fundamental features of quantum
mechanics and sits at the heart of quantum information theory. Entanglement manipulation has
resulted in various proposals for enabling tasks that are not possible classically, including quantum
computing [9], quantum metrology and sensing [10], quantum cryptography [11], quantum dense
coding [12], quantum teleportation [13], etc. A rapid utilisation and manipulation of quantum

entanglement in such tasks have made it a crucial resource, some argued, as real as energy [14].
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1.1 Motivation

Unification is a very fruitful idea in physics. Electromagnetism has been unified with the strong
and weak nuclear forces into a coherent framework of the quantum field theory. On the other hand,
gravity is described by Einstein’s general theory of relativity, and its reconciliation with quantum
mechanics has been one of the most challenging problems in theoretical physics. Several approaches to
a quantum theory of gravity have been put forward. To name a few, they include String Theory [15],
Loop Quantum Gravity [16], Twistor Theory [17], Canonical Quantum Gravity [18], etc. Each one
has its merits, demerits, and sets of distinct predictions. However, at present, there is no experimental
evidence to favor any one of these proposals.

Observing the characteristics of electromagnetism and strong and weak forces at tiny distances
has been a significant factor in developing a single theory that unifies them all. The same is not
available for gravity due to its weakness, and hence problems in its consistent unification with
other forces. Accordingly, all quantum experiments in which gravity plays a role utilized the
strong gravitational field of the Earth. Milestone experiments have measured the impacts of Earth’s
gravity on the apparent frequency of photons [19], time gains in Cesium clocks flying along different
trajectories [20], phase-shift and quantum bound states of neutrons [21, 22], gravitational acceleration
of falling atoms [23], and phase shift in an atom interferometer [24]. Earth is massive and hence gets
a practically undetectable back-action from quantum particles. The gravitational field effectively
admits a classical description, either in terms of a fixed background Newtonian field [21-23] or as a
fixed background spacetime [19, 20, 24].

This has strongly motivated theoretical and experimental research for demonstrating gravitation
between two nearby quantum masses. Recently, there has been an effort to utilize the concept
of entanglement: given that two entities cannot be entangled without a quantum mediator [25-27],
several proposals studied the possibility of the gravity-mediated gain of entanglement between massive
objects [25-34]. This is one of the simplest scenarios where quantum features of gravity could be

observed.

1.1.1 Entanglement in discrete states

One of the most famous proposals to probe gravitational coupling in discrete superpositions is the so-
called Bose-Marletto-Vedral (BMV) setup [26, 27], shown schematically in Fig. 1.1. Two masses are
placed in adjacent matter-wave interferometers, which prepares them in well-localised but spatially

separated quantum superpositions of width d. The centers of the two interferometers are separated
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by a distance D. The initial wave function is a product state given by:

1

V2

1

[W(0)) 12 NG

(L)1 +[R)1) —=([L)g + [R),)- (L.1)

Given that we are in the non-relativistic regime where the gravitational field can be described by the

quantum Newtonian potential, after an an evolution for time 7 we get

W)y = S5 {100 5 (10D + €90 |R),) + 1), 5 (A9 Ly +1R)) p. (12
where
A¢rp ~ m, A¢prr ~ % (1.3)

As long as A¢rr + A¢gprr is not an integral multiple of 2w, the state cannot be factorised,
generating entanglement. Spin correlation measurements promise to witness this entanglement after
the completion of interferometers.

If the particles do get entangled, the interference pattern will be different from what is expected
for non-entangled states, with the shifting of interference fringes depending on the strength of the
gravitational interaction. Much effort is being put into improving the BMV proposal to make it
experimentally viable in the near future. In particular, Ref. [35] proposes to enhance the effective
gravitational coupling by putting a massive mediator between two small masses, and Ref. [36] proposes

to fight decoherence in noisy laboratories by freezing the quantum states through Zeno effect. Ref. [37]

& D >~
. /\ /\
|L7T>1 |R7*l’>1 |LT>2 |R7*l’>2
t=r \/ \/
> >
d d

FIGURE 1.1: Schematic representation of the Bose-Marletto-Vedral setup [26, 27].

Two masses are embedded with spins and placed in adjacent interferometers. A

Stern-Gerlach magnet prepares each mass in a spatially separated superposition. The

phase evolution due to the gravitational coupling generates a detectable amount of

entanglement within a time 7. L and R are shorthand notations for left and right, and
the up and down arrows represent the projections of the embedded spins.
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proposes a possible improvement of the original setup by considering the phase evolution in a three-
qubit system. When compared to the earlier two-qubit setup, it leads to a higher accumulated

entanglement, as well as a better resilience against environmental decoherence.

1.1.2 Entanglement in continuous states

Probe
Probe

FIGURE 1.2: Two identical masses are cooled into the ground state of identical harmonic
traps [29, 38].The gravitational interaction generates position-momentum entanglement,
which can be measured with weak probing lasers.

Motivated by the various advancements in optomechanics [39], in particular the cooling of
macroscopic objects close to their quantum ground states [40-42] and the measurement of bipartite

entanglement [43-45], another setup was proposed in Refs. [29, 30] where the gravitational interaction

can generate position-momentum entanglement. The experimental setup of Ref. [29] is shown

schematically in Fig. 1.2. The proposal is to release two identical particles after cooling into the ground

state of harmonic traps, and gravitational interaction generates a position-momentum correlation as

time passes.
This is (crudely) explained in Fig. 1.3. The ground state of harmonic trapping potential is

Gaussian, which means that the initial state is a product of two Gaussian wave packets separated

by some distance [panel on the left]. Since the gravitational force is inversely proportional to the

I\ "
[ [
[ [
[ [}
[ [
[ o
i 1 i [l
I 1 i 1
I [l i [l
I 1 I 1
I [l i 1
I 1 1 1
1 1 1 1
[} [l 1 [l
] \ 1 1
1 1 1 1
1 \ 1 1
] \ ] \
1 \ 1 \
1 1 \
I
/
/ \ ’
R - R T

‘*_’ —t ‘\\
()
Initial state. Gravitational Entanglement
entanglement. confirmation.

Gravity-mediated gain of position-momentum entanglement between

FIGURE 1.3:
See main text for the

two masses prepared in continuous-variable Gaussian states.
arguments.
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square of the separation, the parts of the wave packet that are closer to each other are attracted
more than those that are farther away. Accordingly, different momenta are generated in different
parts of the wave function [panel in the middle], leading to entanglement. In particular, when a
measurement is performed on either of the particles, the wave function collapses such that the two
masses attain equal and opposite displacements and momenta, confirming generated entanglement
[panel on the right]. This is of course exaggerated and can happen only in a maximally entangled
state. Nevertheless, it is demonstrated in Ref. [29] that entanglement keeps increasing with time. To
be specific, with a second-order truncation of the quantum Newtonian potential and some constraints
on the initial state and the time of interaction, the entanglement measured by logarithmic negativity

was approximated to [29]

1 hGt \© WGt \? hGt \©
F~—1 1+2 —— ) =2 —— 1 _— 14
9 082 + (302L3> (302L3> + (302L3> ’ (1.4)

where L is the initial separation between the centers of the two masses, and o is their inital position
spread. Note that, unlike the BMV setup, the initial states in this proposal are natural Gaussians,
but the entanglement verification step is less obvious. It turns out that both the setups exhibit similar

levels of resilience against environmental decoherence [31].

1.2 Objectives

This thesis aims to develop tools to resolve the interaction-mediated entanglement dynamics between
two nearby quantum masses prepared in continuous-variable states. We shall pay attention to keeping
the methods generic and versatile so that they apply to arbitrary central interactions, even when
many are present side by side. As another set of objectives, we will explore the applications of the
developed tools. While the (Newtonian) gravity as a coupling field is our primary focus, we will also
investigate scenarios involving the Coulomb interaction, gravity and Casimir acting simultaneously,

and the alternate theory of gravity (the so-called Modified Newtonian Dynamics).

1.3 Organization of the Thesis

This thesis comprises a total of six Chapters and four Appendices. Here in Chapter 1, we described
our motivations and objectives.
In Chapter 2, we set up the tools for precise simulations of time evolution of (initially Gaussian)

bipartite quantum states. In Chapter 3, the introduced methods are used to study the emergence of
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nonclassicality during the head-on collision in the Rutherford experiment. With a particular focus on
gravity, in Chapter 4, we develop a robust theoretical framework to quantify the entanglement gain
between two masses prepared in natural Gaussian states (but with possibly non-Gaussian evolution).
In Chapter 5, we demonstrate an exemplary utility of our methods by developing a correlation
experiment to probe the Modified Newtonian Dynamics through the entanglement of microspheres.
Chapter 6 summarises the work reported and presents an outlook on its utility in various situations
aimed at observing the interaction-mediated entanglement in quantum continuous-variable states.
Appendix A shows the transformation of a two-mode Gaussian state between the LAB and the
COM frames of reference through statistical principles. In Appendix B, we exactly resolve the
Ehrenfest’s dynamics for Gaussian evolution of the COM and the reduced mass wave packets. In
Appendix C, we introduce the quantifiers for entanglement between the two particles and their
corresponding transformations in the COM frame of reference. Finally, in Appendix D, we prove the
Gaussianity of thermal states and relate the generation of entanglement negativity to that starting

from the zero-temperature ground state.



Chapter 2

Quantum Mechanical Wave Packet

Dynamics

The quantum mechanical state of a particle is described by a wave function ¢. In the non-relativistic
limits, this wave function evolves with time in accordance with the time-dependent Schrodinger

equation (TDSE):
h2
2m

ih%w(r,t) = ( V2+V(f,t)>¢(r,t), (2.1)

where m is the mass of the particle, and V (7, t) is the potential. In many physical problems where the
potential is static, i.e., V(#,t) = V(#), the resolution of TDSE is equivalent to the implementation

of the time-evolution operator U:

W(r,t+ AL) = D(AL) (1) = exp (—ifﬁﬂ(r,t), (2.2)

where H = —(h?/2m)V? + V (#) is the Hamiltonian. Note that U is unitary, which ensures the norm

(total probability) is preserved at all times:

W) oy = @IUTT )y = (W[1), - (2.3)

In this chapter, we develop an efficient numerical scheme for a precise resolution of single-particle
TDSE, and discuss a strategy to utilize the same set of tools to handle the bipartite wave packets in

the center of mass (COM) frame of reference.

2.1 Introduction

The complexities in calculating the time evolution of v depend on the functional form of the
interaction. Even for simple Gaussians as initial states, closed analytical forms are calculable only

in trivial situations, e.g., in the free space [46], and the harmonic oscillator potential [47]. Simple
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harmonic oscillators are regarded as the most precious tools of a theoretical physicist, but none of
the fundamental forces in nature behaves so. This demands an efficient generic numerical scheme to
precisely solve the quantum evolution for arbitrary potentials which may be encountered in realistic
laboratory conditions.
Along this line, the first step would be to approximate U up to the first order in a series expansion:
(AL = exp (iAtﬁ> S i A g i - A (2.4)
h h

n
n=0 h

However, any such truncation leads to a loss of unitarity, which in turn leads to a change in total

probability over time:

Wlo)ae = @IUTTR),
wi(i+a ) (1-50 ),

= —Z?
- At At A2
= <1/z|<]l—i;H+i;H+7;H2>|w>o
A,
= <w|w>o+ﬁ<w|ﬂ [P)g > (YY) - (2.5)

While this is acceptable for short times (the norm is preserved up to the linear order in At), the
errors accumulate on realistic longer time scales, quickly leading to divergence. Moreover, such
approximations do not respect the bidirectional numerical stability in time. One may be tempted to
include higher-order terms in the series expansion, but this would require an impractical numerical
evaluation of various higher-order derivatives of the wave function. We must therefore look for
alternative ways to precisely integrate the TDSE.

Various techniques have been established that are stable and mitigate errors within their
capacities [48-53]. In this work, we chose to utilize Cayley’s form of evolution operator as it
circumvents all of our problems with an unconditional stability over long time scales [54]. We
approximate the second-order derivatives with the highly accurate five-point stencil to discretise
the problem onto a pentadiagonal Crank-Nicolson scheme. The resultant solutions are much more
accurate when compared to the standard tridiagonal ones. This will be useful in situations where the
potential is very weak, e.g., the gravitational coupling between two nearby quantum masses.

We thereafter focus on the resolution of the bipartite quantum dynamics, assuming that both
the particles are initially prepared in Gaussian wave packets. The usual coordinate transformations
to the COM frame of reference are discussed. At least for central interactions, the Hamiltonian

decouples into the COM and the relative degrees of freedom, and the product form of a quantum



Chapter 2. Quantum Mechanical Wave Packet Dynamics 9

state in this division is maintained at all times. However, a complete decoupling of the dynamics
requires the initial quantum state to be separable in the COM frame of reference. For a two-mode
Gaussian state this happens only when the two particles are cooled in the ground state of identical
harmonic traps. Note that, unlike regular problems where the COM is described by a plane wave,
here it is described by a localised wave packet undergoing proper time evolution in accordance with
the TDSE. The reduced mass wave packet evolves in the interaction sourced from the COM and,
based on the functional form of the potential, its time evolution can be dealt either analytically or
numerically. The methods introduced in this chapter find applications in various problems discussed
throughout this thesis and beyond, which is why we make the corresponding Python implementation

available publicly [55-57].

2.2 Cayley’s form of evolution operator

Cayley’s form is a fractional approximation of the quantum mechanical evolution operator. The
underlying idea is to evolve ¥ (r,t) by half of the time step forward in time, and (7, ¢t + At) by half
of the time step backward in time, such that they agree at time ¢ + At/2 [57-61]:

Wf>t At—/2> M W)H-At
. U<+A2t> D t) = U(-A;) D(r.t+ Al)
- exp(—iz§t>¢(r,t) = exp(—&-in?t)w(r,t—i—At). (2.6)

With a first-order approximation on both sides,

- HA . HA
(]l—i 2ht>1/1(r,t)% (]l+i zht>1p(r,t+At), (2.7)

we arrive at

. _1 N
Dt + At) = (ﬁ 4 ih;f> <]1 - ilj?)d)(r,t). (2.8)

Hence, Cayley’s form of evolution operator is given by

N 1 A
U(At) = (ﬂ +z’HAt> <T1 — z‘HAt> . (2.9)

2h 2h
An implementation of Cayley’s form solves many problems at once, e.g.,

1) The bidirectional numerical stability in time is inbuilt into the theoretical framework [see

Eq. (2.7)].
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2) A replacement of the second-order derivatives in Hamiltonian with finite difference formulas
tells us that the wave function at different times is related by a Crank-Nicolson scheme, which

is unconditionally stable for TDSE-like problems [54].

3) The total probability is preserved over time as the resultant evolution operator in Eq. (2.9) is

unitary, as shown below.

aNT Ay A .
Since (AB) = BT AT, the hermitian conjugate of U is

N _ N T ~ . _
g HAN T HAN (G AA f LY b 2.10)
"on on )| T "on "on ‘ '

Note that for any operator A we have

it =

e e e e
>
|
_

~— ~— ~—
—+

o
—
= —
Y
e
~—
i
—_
Il
=
| — |
—~
Y
—
—_ N—
AR
| I

f_ (AT>_1. (2.11)

Accordingly, we get

N + A t,—1 A ~ —1
. . HAt N HAt N HAt N HAt
T: — , .7 = ) - )
U _<]l i 2h> (]l+z 2h> (]l+z 2h><]l i 2h> , (2.12)
which implies
~ —1 ~ ~ ~ -1
A . HAt . HAt . HAt . HAt
t_ . o 1AL _AAt
uu <]l+z 5T, ) (]l T > (]l—l—z 5T, > (]l i > . (2.13)

The two terms in the middle commute, and hence

A 1 N N N 1
A . HAt N HAt R HAt A HAt A
t — . . o o _
uU <]l+z 2h> (11+z 271)(11 i 2h><11 i 2h> 1. (2.14)
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2.3 The tridiagonal discretisation

The standard practice for calculating numerical derivatives is to implement various finite-difference

approximations. In this work we only deal with one-dimensional problems, i.e.,

h2 82

H=—gas + V(). (2.15)

The easiest is to replace the second derivative in Hamiltonian with the three-point central-difference
formula,

) = TEFED 2D T 28D | o (ng2) (2.16)

which transforms Eq. (2.7) to

. n+1 n+1 n+1
¢Tl+1 + ZAJ _h72 77Z)]'Jrl — 21/)] + 1/}]'*1 + V,w?}-‘rl
J 2h 2m Ax? I7I
At T B2 (00— 2un 4o (2.17)
— tat ) e J+1 <%y J—1 )T
=¥ 2h [ 2m< Az? >+ij]]’
where f = f(z;,tn), Az = 241 — x; is the grid size, and At = t,41 — t,, is the time step. To
simplify the notation, let us call:
n n Ay h2 ;L'i'l B ijn + w;‘l_l n
G = ‘”ﬁ‘%[‘m( Az? G
iAt [ R? ihAt
@ * 2h <mA:L‘2 +VJ> ’ b dmAx? (2.18)
Eq. (2.17) can now be re-written as
ai b P ¢t
b aj,1 b w;Lirll jn_l
b a; b et =1 e (2.19)
b g b i S
b aj_ Pt &

where J is the dimension of the position grid. The matrix on the left is composed entirely of constants
and the old wave function is stored in the column vector on the right, (. The standard practice to

solve such a system of linear equations is through the Thomas algorithm, which is nothing but Gauss
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elimination in a tridiagonal case.

2.4 The pentadiagonal discretisation

The three-point formula for the second derivative is accurate up to an error O(Az?). The
corresponding tridiagonal discretisation works very well in most situations, except for astonishingly
weak potentials, e.g., the gravitational field between two quantum particles. In such cases, it falls
short due to the accumulation of errors over time. A numerical scheme is as good as the underlying
finite-difference approximations, and hence we replace the second-order derivative with the highly

accurate five-point stencil:

—f(x 4+ 2Az) + 16f(x + Az) — 30f(z) + 16 f(z — Ax) — f(x — 2Ax)

4
DAL +O(AzY).  (2:20)

1'(z) =

In result, Eq. (2.7) is now discretised as

J 2h | 2m 12Az2 s (2.21)
_ g AT B (U + 16UT — B0UT + 16V WY |
7 2n | 2m 12Ax? sl
Following a similar approach as in the previous section, we denote
n n iAt w o= ;?-F? +16 Jn+1 — 301/}? + 16¢?—1 — w]n—2 n
¥ LTS [ 2m 12Az? T Vivy )
iAt [ 5h? ihAt ihAt
R = V. =" = 2.22
4 + 2h <4mA:1:2 + J>’ 3mAx?’ “T BmA2’ (2.22)
which reduces the problem to
a b e i G
e f
c b aj1 b c 1/J;Lj11 i1
c b a b ¢ ertt =1 @ |- (2.23)
c b a1 boc ey Gt
n+1 n
42 Gy
c b ajo A €2
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We now have a pentadiagonal system of linear equations for J — 2 unknown wave function values at
time t,,+1. Note that the Thomas algorithm is not applicable anymore, as it works only for tridiagonal
matrices. Accordingly, we implement the LU-factorisation techniques as they are versatile enough to
solve both the tridiagonal and the pentadiagonal system of equations. We perform an LU-factorisation
of the constant matrix on the left, followed by forward and backward substitutions of the ¢ vector
on the right [60, 61]. A Python implementation is publicly available at Zenodo and GitHub [55, 56],
with the corresponding documentation in Ref. [57]. Note that these methods work only for well-
localised square-integrable wave functions. Otherwise, the reflections from numerical boundaries lead

to unwanted interference.

2.5 Comparison of numerical errors

In this section, we calculate the evolution of a Gaussian wave packet with the (standard) tridiagonal
and the (improved) pentadiagonal methods. For demonstration, we assume that the wave packet is

initially centered around xy with a position spread ¢ and a momentum pq:

—0) = L (—=20)® | p
Yz, t=0) = ﬁ exp (—4020 + zﬁo(:n — x0)>, (2.24)

and compare the numerical errors accumulated in both methods for the cases of evolution in free
space and the harmonic oscillator potential. As a parameter of interest, we chose Heisenberg’s
uncertainty product AxAp, since it involves both the statistical moments of the position and

momentum variables.

a) Evolution in the free space, i.e., V' = 0, can be solved analytically using Fourier transformation

techniques [46], which imply

1
\/0(1 + dwot)V/2m

1/1($7t) =

exp 1(.T£C 21’02]90)2022)[2) (2.25)
402(1 + iwgt) 0 h Rz |’ '

2

where wg = h/2mo*. One can calculate the position and momentum spreads to see that the

uncertainty product is given by

h
AzAp = 5\/14—0.)3752. (2.26)

b) Evolution in the harmonic oscillator potential, ie., V = %mwsz, can also be solved

analytically [47]. The closed form is rather complicated, but one can use the Ehrenfest’s
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(A) Evolution in the free space, V = 0. Initial wave packet is centered at x = —50 with a
width of 2 units and a momentum of +1 unit.
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(B) Evolution in the harmonic oscillator potential, V = %mw z? with w = 0.1. Initial wave

packet is centered at x = —10, with a width of 2 units.

F1cURE 2.1: Comparison of errors in the tridiagonal and the pentadiagonal solutions

of the time-dependent Schrodinger equation. AxAp is the Heisenberg’s uncertainty

product. We assume i = 1, m = 1, and the relative errors are calculated w.r.t. the

analytical results discussed in the main text. Az denotes the grid size, and At is the
time step. Note different vertical scales in each panel.

theorem to calculate the time evolution of the average statistical moments. The corresponding

uncertainty product is given by

AzAp = h cos*(wt) + sint(wt) + L« + w sin?(2wt) (2.27)
P=3 4\w? Wi ' .

Assuming A = 1, m = 1, in Fig. 2.1 we show the errors in the uncertainty product, computed
relative to the closed forms in Eqgs. (2.26) and (2.27). It can be easily seen that our pentadiagonal
solutions are far more accurate than the standard ones. Accordingly, they will be used for simulating
quantum evolution in extremely weak fields. In the following chapters, we use the standard

tridiagonal solutions for studying the head-on collision of charged particles [60], and the highly
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accurate pentadiagonal solutions for the astonishingly weak gravitational coupling between two
nearby quantum objects [59].
Note that Heisenberg’s uncertainty product requires the first two statistical moments of position

and momentum operators, which can be evaluated with:

+o0o +oo n
@y = [ Tarerany, = [ deer 90 (2.28)

oo o ox™

It is worth mentioning that, for a well localised problem, <ﬁ2> can be calculated with the first-
order derivative only. In such cases the wave functions are square-integrable: lim, ,4.,% = 0 and
lim, 100 dip/dx = 0, and integration by parts implies

+o0 024 o O DT +oo | oy
A2\ 32 xZ Vo B2 e — B2 ke
<p>— h /,oo d ¢ Ox? h {Q’Z) oz /dx Ox 033]_00 h [oo du ‘&v

2

(2.29)

Furthermore, we go one step further and utilise the law of conservation of energy to calculate (H?)
without evaluating any numerical derivative whatsoever. This is explained as follows. A unitary

evolution implies that the total energy, <H >, is a constant of motion. At ¢t = 0 we start with a

minimum uncertainty Gaussian wave packet characterized by AxAp(0) = h/2, which implies

() = (40) + A(0) = 7 + 1. (2.30)
On equating <PI(0)> with <H’> we arrive at
(p*) =t + 47222 +2m((V(0)) - (V) (2.31)

where (V(0)) is readily available in closed formulas, e.g., in the free space (V(0)) = 0, and in the

harmonic oscillator potential (V/(0)) = 3mw3 (22(0)) = mwi (23 + 2).

2.6 The heartbeating inside a box

Now that we have a numerical scheme for resolving the quantum dynamics of localised wave packets,
in this section we play around and demonstrate the fascinating dance of an (initially Gaussian) wave
packet evolving inside a box. Assuming i = 1, we consider a particle of mass m = 1 trapped

inside a box extending between x = +10. As a sanity check, it is first confirmed that the probability
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t

FIGURE 2.2: Expected position and momentum of a Gaussian evolving inside a box

extending from x = —10 to +10. Assuming A = m = 1, the initial wave packet is

centered at the origin with a width of 1 unit and a momentum of +1 unit. The size of
the position grid is Az = 0.01, and the time step is At = 0.01.

distribution does not change with time when the initial state corresponds to any one of the eigenstates:

2 gin (n7z), n=0,24,...
Yn(2,0) = ¥ ) (2.32)

\/%cos(%), n=113,5,...

We then consider the initial state as a Gaussian wave packet with a width of 1 unit centered at
the origin with 1 unit of momentum to the right. This way, the forward part of the wave packet
hits the boundary at x = +10 and is reflected back. These reflections interfere with the rest of the
wave packet to create a beautiful dancing pattern. In Fig. 2.2, we show the expected position and
momentum as a function of time which looks like a periodically repeating heartbeat pattern. In the
following chapters we shall discuss the practical applications of Cayley’s propagator in the Rutherford

experiment and the gravitational entanglement dynamics.
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2.7 Bipartite wave packet dynamics

Till now we have discussed the case of a single-particle wave packet evolving in a classical background
potential. It turns out that the same methods can be utilised to solve the bipartite dynamics after a

careful change of coordinates. The TDSE for a system of two particles A and B is given by

o o +V(Za,2B) |Y( t) =ih 0 U( t) (2.33)
- — Ta, T ra,rp,t) =ith—VY(za,zp,t), .
2ma axi 2mp 83:23 A B AtB ot 4B
where x4 and xp are the positions/displacements of the masses m4 and mp, and p4 = —ihd/0x
and pp = —ihd/Jxp are their respective momenta. In an attempt to decouple this two-body problem,

we make a coordinate transformation to the COM frame of reference:

MATA + MBT
_ MATA T B r=1Ip—TA, (2.34)
mg + mp

where R and r are the positions/displacements of the COM [mass M = my4 + mp] and the reduced
mass [mass = mamp/(ma + mp)], respectively. One can take their time derivatives to write their

respective momenta as

dR mA+mB< dxa deB)
P — M* = _— =
i At me ma a +mp I pA + pB,
_dr _ mamp (de B dﬂ?A) _ MAPB — MBPA (2.35)
P=Rat ™ mat+tmp\ dt  dt ) ma+tmp '
which implies that the inverse transformations are
_p_"mB — ma _MAp _ _msB
wa=R— 0 rp =R+ o pa= 7P = pp =P+ p. (2.36)
Given that x4 and xp are functions of R and r, the rules of partial differentiation imply
0 OR\ 0 or\ 90 my 0 0
_ -~ — =2 - _ 2 2.37
84 <85L‘A>8R+(8x,4>(97“ M OR o (2:37)
0 OR\ 0 0 0 0 0
_ (>+(7’ >_mB+. (2.38)
orp Oorp/) OR Org /) Or M OR ~ Or

Similarly, the second-order derivatives can be calculated as
o <3R>5(W3 _ f’) . (37“>3(7”A3 _ 5)
030124 N Oxqa)OR\ M OR Or Oxa)O0r\ M OR Or

_ma(ma 0° 0%\ [ma 0 O
M\ M OR2 OROr M OrOR  Or?
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2 92 2 2
m%y 0 0 ma O
_ma 07 oma 07 2.
M29R: 9 T “M oRor (2:39)
P (PR D (me 0 0y (0r)0 (g0 0)
(91:23 - Oorg)OR\ M OR Or Oxrg)Oor\ M OR Or
_mp(mp O\ [mp 0O
M \ M O0R? OROr M OroR = Or?
2 92 2 2
_mp 0 0 ,mp 0O
=zore a2 V20 oror (2.40)
and hence the kinetic energy part of the Hamiltonian is
2 92 2 92 2 92 2 52
0 h* 0 _ N ) (2.41)

C2ma o0x? " 2mp ox% " 2M OR? ﬂﬁ

Within the scope of this thesis, we only deal with central interactions, V(z4,25) = V(zp — z4) =

V(r). The Schrodinger equation now becomes

R 92 n? 02
(‘ SN ORE 202

+V(f)>\11(:1;,4,3:3,t) :ih;@(mA,xB,t). (2.42)

Given that the initial wave function transforms to the COM frame as ¥(xz4,2p,t = 0) = ¢(R,t =
0) ¢ (r,t = 0), the separation of variables in Eq. (2.42) will ensure that the product form is maintained

at all times. Accordingly, the bipartite problem decouples as

h? 02 9
h? 9 9
<_2u 53 T V(f)) W(rt) = i (rt), (2.44)

where P = —ihd/OR and p = —ihd/dr can now be identified as the momentum operators for the
COM and the reduced mass, respectively. Here the COM evolves in the free space, which can be
easily solved with analytical techniques [46]. The reduced mass evolves under the influence of the
interaction V(r) and, depending on its functional form, one can use either the analytical or the
numerical method to calculate the corresponding time evolution. The two-body wave function is

given by the product

MATA + MBTRB
ma + mp

U(za, 25.t) = ¢( ,t> N—— (2.45)
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Ficure 2.3: From LAB frame to COM frame. Gaussianity of the initial state is
preserved as well as the product form. The widths, however, are different in different
frames.

2.7.1 Transformation of a two-mode Gaussian state

Recall that in the previous section the bipartite TDSE decouples to two independent TDSEs only
when the initial state can be written as a product form in the COM frame of reference. In this section
we derive the conditions under which this happens for a two-mode Gaussian state ¥(z4,2zp,t =0) =

Ya(za) Yp(rp). In the displacement space,

Lo\ A )
Yalza) = ( 2) exp(—fv——i-z]%:c,q) (2.46)

204 402 4

1 1/4 $C2 p

B0
_ ~ 1B 4 PBO 2.4
’(/JB(QZB) (27_‘_0_%) exp( 40’3 +1 7 fL‘B) ( 7)

where p4o and ppg denote the initial momenta of the two particles. With simple algebra, we can

rearrange the initial wave function as

Lo\ VA ) Lo\ VA )
U(it=0) = | —5 exp _a:_ + waA — exp 5 z@xB
2mo? 40 h 2mo?, 4o 2 h

1/4 1/4 )
= 1 L exp| — L4 mB exp (ipAOxA + pBO«TB) (2.48)
27rc7124 277‘7123 40A 40’B h ' )

We shall now make use of the inverse transformations to express this in the COM frame. To start

with, the Gaussian part is given by

T _ L(r-me )2 L(nem )
2 2 - 2 2
0a OB 07 0p

1 2 mpg 1 ma
= R e oMB ) L (g M A
crA< MB TS r>+o’]23< m2 T
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(7124 + 0123 R? " m%a% + mQBU% 2 n mAai — mBJ?B Ry (2 49)
o202 M26% 52 Mo2o2 ' '
A%B A%B A%B

The last term needs to vanish for the state to decouple into independent Gaussians in R and r, which
happens only when m AU,24 =m BU%. Note that
h R h h

2
= X = , 2.50
mpBog = Mp ompwn  2wp ( )

2
mapaoy = ma X = —
A 2mawa  2wa’

and hence the conditionality m Aai = chr% essentially implies wg = wp = wg. The wave packet
dynamics decouples only when the two particles are prepared in the ground state of identical harmonic

traps of frequency wg. Under this assumption,

h h 2 h 2 h
ﬁ + vh o _ (2mAw0> + (2”“‘3“0) R2+ mA(QWAWO) * mB(QmBWO> r?
ok % h h M2 (5 L
2m pawo 2mpwo 2m Awo 2mpwo

[Q(WA +mp)wo

2mampwo } 9
r
(mA + mB)h

-G (2“““)*

2

- . 2.51
0%4 + 02 ( )

where 03, = h/2Mwy and oi = h/2pwg. For the plane wave part of (¢ = 0) we have

PAOTA +DPBOXB = PAO (R - MT> + PBo <R + MT‘>

mAPBo — MBPAO > .

= R
(pao +pBo)R + < o ———

= pmoR + puor, (2.52)

where ppro and p,o correspond to the total initial momenta for the COM and the reduced mass,

respectively. At last, in the normalisation constant we can put

ool = h X f
AYB 2mawg  2mpwo
h ma+ mp 1 h
et — X X X —
2wo mamp ma+mp  2wp
h h
= X
2Mwgy  2puwq
2 2

oMy (2.53)
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With all these transformations, the initial wave function nicely separates as

1\t M R 2 pMmoR + puor
U(it=0) = |—= 5 exp| —— — — | exp|i—F——
2roy, 270, oy Op h
1/4 1/4
= 1 / exp| — U +PMO 1 / ex —i—l—i@r
27TU%4 P 4(7]2\/[ h 4%03 P 403 h
= ¢(R,t=0)(r,t=0), (2.54)

where ¢(R,t = 0) and ¢(r,t = 0) describe the initial states for the COM and the reduced mass,

respectively:
1/4 9
1 R . PMO
Rit=0) = |—= —— +i1—R 2.55
otri=0) = () om(~ 5+ 0), 250
Lo\ 2 )
. Puo
Y(r,t=0) = (271_02) exp(—zwfb—{—zgr). (2.56)

The COM wave packet admits a width of oy = \/A/2Mwy, and the reduced mass wave packet
has a width of o, = /h/2uwy. For two identical masses m prepared in Gaussians of width o, the
COM would have a smaller width of o/ V2, and the reduced mass will have a larger width of ov/2.
The corresponding relations are illustrated in Fig. 2.3. A separable Hamiltonian implies that the
two-body wave function retains its product form at all times, i.e., ¥(z4,2p,t) = ¢(R,t) (r,t). The
condition for the separability of a two-mode Gaussian state is also implied from statistical principles
as shown in Appendix A. Note that the time-dependence of ¢ is governed by Eq. (2.43), which is

solvable analytically using Fourier techniques [46].

2.7.2 The case of optomechanically held masses

In most of the problems we will discuss the harmonic traps are opened after the particles have
been cooled into their ground states. We now highlight the salient differences in quantum evolution
when the traps are not opened. In such a case, the Hamiltonian describing two quantum particles
interacting via a central potential is given by

n?  0? 1 9.9 n? 92

N 1
H=———+ 4+ - -+ = 222 L V(dg —44). 2.57
2moa 83:124 + QmAwaA 2mp 8:523 + QmboxB +V{ip - 24) ( )

We can use inverse coordinate transformations to prove that

1 1 1 1
imAngi + imgngQB = §Mw§R2 + i,ungQ. (2.58)
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FIGURE 2.4: The case of two masses m and mpg interacting with each other while
levitated in the ground state of identical optomechanical harmonic traps with frequency
wo-

Similar to the previous section, the bipartite TDSE now decouples into

hz 82 2R 0
Rz 0% 1 o
( T Tl vm)w(r, ) = g bint). (2.60)

Note that here the COM is trapped in a virtual harmonic potential with a trap frequency equal to
that for the two particles. Also, since the initial state of the COM [Eq. (2.55)] is the ground state of

this Hamiltonian [(2.59)], the COM wave function does not undergo any time evolution whatsoever.

2.8 Summary

We demonstrated the utility of Cayley’s form of evolution operator in the numerical resolution
of continuous-variable quantum dynamics. The highly accurate five-point stencil was utilized
to discretise the problem as an implicit-explicit pentadiagonal Crank-Nicolson scheme, which is
unconditionally stable on realistic time scales. Given the same grid size and time step, the resultant
numerical solutions achieve much higher accuracy than the standard ones. We also discussed the
coordinate transformations to the COM frame of reference and the situations when the bipartite
TDSE decouples into two single-particle TDSEs. For a two-mode Gaussian state, this happens only
when the two particles are prepared in the ground state of identical harmonic traps. The theory

works for arbitrary central interactions, and for multiple central forces acting at the same time.



Chapter 3

Head-On Collision in Rutherford

Experiment

The unavoidable existence of a finite momentum variance implies that quantum mechanical wave
packets cannot be stopped completely. Therefore, the situations where classical particles stop, like
head-on collisions, are natural candidates to probe the emergence of nonclassicality. We demonstrate
this phenomenon in the paradigmatic Rutherford experiment. Taking a leap over the traditional
practice of assuming quantum mechanical plane waves, we treat the projectiles as localised wave
packets and study their head-on collisions with the stationary target nuclei. We simulate the quantum
dynamics of this one-dimensional system and study deviations of the average quantum solution from
the classical one. These deviations are traced back to the convexity properties of Coulomb potential.
Finally, we sketch how these theoretical findings could be tested in experiments looking for the onset

of nuclear reactions.

3.1 Introduction

The seminal theoretical discussion of scattering angles in the Rutherford experiment is based on the
Coulomb interaction between point charges modeling the alpha projectiles and the stationary gold
nuclei [62, 63]. In the conventional quantum approach, the projectiles are described as incident plane
waves, and the collision is studied in asymptotic limits under suitable approximations [64]. A fuller
approach that we pursue here is to compute the time dependence of the quantum evolution. With
this in mind we study the simplest case in Rutherford experiment, i.e., the head-on collision.

As in the original discussion, we model the nuclei as stationary sources of the Coulomb potential,
but in contradistinction we describe the alpha particles by incident Gaussian wave packets. This
leads to several predictions that differ from their classical counterparts. We focus on the average
quantum behavior and show that it does not recover the classical solutions. In particular, the quantum

projectile does not approach the target as close as its classical counterpart, the quantum dynamics
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is not symmetric about the time of collision, and the expected quantum trajectories do not overlap
with the classical ones even in the asymptotic limits after the collision.

We trace back these discrepancies to the Ehrenfest theorem and emphasize that the average
quantum dynamics recovers classical solutions only for potentials that are at most quadratic in the
position operator [65-67]. We derive inequalities between average quantum and classical forces that
hold for any cubic potential as well as for potentials with fixed convexity properties. This is directly
applicable to Coulomb or gravitational forces and clearly shows that average quantum dynamics are
different from their classical counterparts in a plethora of physically interesting scenarios.

Finally, we briefly discuss tunneling through the Coulomb barrier to infer the distance of closest
approach and its dependence on the initial spread of the incident Gaussian wave packet. The tunneling
probability is an experimentally accessible parameter as the particles that have crossed the barrier
give rise to nuclear reactions [68, 69]. In addition to computing the probability in the dynamical
quantum model we also show the conditions under which the Wentzel-Kramers-Brillouin (WKB)
formula accurately approximates it [70]. In particular, we note that the latter may be orders of
magnitude off for low energy projectiles even for a negligible momentum dispersion (see also Refs. [71-

74]).

3.2 Ehrenfest’s dynamics and classical limit

Before moving to the collisions we would like to present a general discussion on a comparison between
the average Schrodinger dynamics and the classical one, especially that some textbooks give an
incorrect statement that the average quantum trajectory recovers the classical motion [75]. This
comes in relation to the Ehrenfest theorem showing that the quantum equations of motion for average
position and momentum,

d (D) d

a (2) = gt T () =—(V'(2)), (3.1)

have the same general form as the Hamilton’s equations of classical mechanics:
; —p=-V'(2), (3.2)

where x is the position, p is the momentum, m is the mass of the particle and V' stands for the
gradient of potential to which we will refer as (negative) force. In what follows, we only consider the

one-dimensional motion.
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While the general form of Egs. (3.1) and (3.2) is the same, they become identical only if the

average of the force equals the force for the average position [66]:

(VI(2)) = V'({2)). (3.3)

For arbitrary wave functions this condition is satisfied only for potentials that are at most quadratic
in z. Already a cubic potential shows that there is a consistent difference between the quantum and
the classical forces. Namely, the derivative of the potential has a form V'(x) = a1 + agx + az 2%
The non-negativity of variance, (#2) > (£)?, then implies the inequality (V'(2)) > V'(()). Similar
inequalities follow for derivatives of convex or concave potentials using Jensen’s inequalities. Many
potentials of natural interactions have well-defined convexity properties, e.g., the repulsive Coulomb
potential that we study here. In this case, the wave packet’s average quantum force can be very
different from what a classical particle experiences in the same potential. This leads to consistent

differences between the average quantum trajectory and the classical one.

3.3 Comparison of classical and quantum trajectories

For comparison, we first show how to compute the classical trajectories. Consider a projectile, initially
at x = —L (negative), is shot towards the target, located at x = 0. We follow the tradition that
projectiles are propagating from left to right. If the particle’s initial kinetic energy is Ty, the law of

conservation of energy implies T'(z) + V (z) = Ty + V(L) = Ep, with the Coulomb potential,

V(z) = ZpZrahe/|z| = EO, (3.4)

where Zp and Zr are the atomic numbers of the projectile and the target, respectively, « is the fine
structure constant, and d.) = ZpZrahe/Ey is the classical distance of closest approach. Accordingly,

the classical equation of motion can be derived as

T(2) + V(x) = Eo

1 /d d

— m( :L‘> Cl = Fy
2 | |

., 4z 2E° 1——‘"'l
dt
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The velocity is positive (with ‘+’ sign) for the projectile approaching the target, and negative (‘-')

when it is reflected back. The resultant trajectories are integrated as follows.

o For the projectile approaching the target we have

dz 2E0 dcl
i el N I s
dt \/ m + T
x dx’ 2F /t ,
- =1/ dt
w/—L /1 + dicll m 0
TPyt =
= cl/ 11T /Al = Uy,
L/dcl 1 —|—
1

1 x/dcl
— de |uy/1+ 11 Iryl+s 2E0t
cl u — — —1n —_— = _—
2 / 1
! ¢ ’1_ Ly —L/dg "
B 1 1 'x/dcl
T 1 +/1+ 5 2F,
— d 1 7—*1 —_— e 7t7 : _1’
alMyiTy T 1—\/1Tl> m {u<-13
- u __L/dcl
-CC dcl 1 1+\/1+% L dcl
- da|—/1+ ——-In| ——= | + —/1 — —
de x 2 1—4/14+ % de) L
X
1 [14+y1-F 2F,
+21n< dL = 70t
1—/1—da m

d 144/1—% 2F
+;m(;: 2B, (3.6)
1— /1% m
At t = 74 (time of collision), x = —d], which implies
m | dc1+dcll L+y1- ¢ (3.7)
Tl = 1| — —— 4+ —In| ————=||. .
47V 2E, L 2 \1_/i-d

o For the projectile reflected back, the equation is to be integrated from the time of the classical

2F) del
— = =1+ ==
dt m + x
z dr 2E0 ¢ ,
— / 72—,/i/ dt
_dcl1/1—|—% m Tel

collision:
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FIGURE 3.1: Schematic of the experiment. The projectiles are prepared as Gaussian
wave packets, which evolve in the Coulomb potential of the target nucleus fixed at the
origin. The symbols have their usual meanings and are defined explicitly in Sec. 3.3.
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The above trajectories can be concisely written as

Ay d. 144/1+ % 2F
x\/i _ Yy \/7 + 0 (t — 7a1) sign(t — 1) = 0. (3.9
T 2 o ey A

Since this is a transcendental equation, we solve for z(¢) numerically. The momentum and force are

thereafter calculated using Eqgs. (3.5) and (3.4), respectively.

The quantum setup is shown schematically in Fig. 3.1. We obtain the average quantum dynamics
of the projectile with the Cayley’s operator as discussed in Chapter 2. Since the wave function is
expanding continuously during the collision event, the simulation becomes numerically demanding as
time progresses. To circumvent this we have developed a method to dynamically allocate the size of
discretization of space, details of which are given in Section 3.9.2. Finally, in the classical picture the
projectile particles are modelled as point charges shot towards the target from a distance L with a

kinetic energy Ty. In our quantum simulations, we model the projectiles with Gaussian wave packets
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centered at the same distance L, with a width ¢ and an average momentum pg = +/2m1y. Therefore,

the wave function describing the quantum state of the projectile at ¢ = 0 is given by

1/4 " 2
¢(x,0):< ! ) exp<—(+L)+z’p°(x+L)>. (3.10)

2mo? 402 h

We now describe several parameters that show differences between the classical and the average
quantum dynamics. Following the original Rutherford experiment, we consider the collision of alpha
particles with gold nuclei, and hence we set Zp = 2 and Z7 = 79 throughout this chapter. Typical
classical and quantum trajectories are presented in Fig. 3.2a. In both cases L = 10 pm and Ty = 5
MeV, i.e., the typical energy of alpha particles in the original experiment. We now systematically
discuss the following quantities: distance of closest approach, the effects of a finite spread of the

projectile’s initial wave function, the time of collision, and the asymptotic behavior of trajectories.

3.4 The quantum distance of closest approach

As seen in Fig. 3.2a the quantum projectiles are, on average, reflected from a bigger distance to the
target. This can be intuitively understood by invoking either convexity of the Coulomb interaction
or the Heisenberg uncertainty principle. In the latter case, note that a quantum particle cannot be
stopped completely. There is always some momentum dispersion which leads to non-zero kinetic
energy. It follows that the maximal potential energy cannot be as big as in the classical case, and
hence the distance of the closest approach increases. In the former case, Jensen’s inequality at time

t = 0 allows us to write

‘<F> |~ <3521(0)> = @((1)))2 - % = 56211(0) ~ |Fal, (3.11)

C

Accordingly, the average quantum mechanical force is stronger (more repulsive) than the force
experienced by the classical particle. As a result, the quantum projectile moves slower than its
classical counterpart at the very beginning of its journey. We emphasize that this inequality holds at
the beginning of the evolution, and at later times it may reverse (as we will show later). Nevertheless,
the quantum projectile never gets as close to the target as the classical one. In the next section we
derive conditions for the quantum distance of closest approach to differ from its classical counterpart
minimally.

Fig. 3.2b shows the wave function at different times for the case of ¢ = 100 fm. As the wave
packet approaches closer to the target, the leading edge of the wave packet is reflected back. This

interferes with the trailing incident part to create rapid oscillations, which eventually die out as the
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(A) Classical and quantum trajectories. The right panel shows a magnified view of the collision
event. The quantum trajectories are the results from the dynamical simulations.
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(B) Snapshots of the wave packet at different times for the case of o = 100 fm.
FIGURE 3.2: Time-dependent properties of the alpha particle wave packets shot in the
Coulomb potential of a gold nucleus fixed at the origin. The projectiles are shot from
the distance L = 10 pm with the initial width of Gaussian wave packet o and average
momentum py = /2mly, where Ty = 5 MeV, and m is the mass of an alpha particle.

xq represents the classical path, and (z) is the expected position of the wave packet.
Numerical details are given in Sec. 3.9.

wave packet travels back attaining a near-Gaussian shape [76-78]. As in the case of collision with a

hard wall, the qualitative similarity between (x) and z. is not evident when one looks at the wave

packet itself [79].
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Ficure 3.3: Difference between the quantum and classical distances of closest
approach. The numerically found minima of the difference are marked with dots for
various launching distances. In the main text we argue that they are achieved for the
initial width of the projectile given by oo = \/hL/2py, where pg is the momentum of a
classical alpha particle with kinetic energy Tp. Numerical details are given in Sec. 3.9.

We define the quantum distance of closest approach as the smallest average position to the target,
ie.,

dm = min(| (2) |). (3.12)

As seen in Fig. 3.2a this quantity depends on the initial spread of the wave function of the projectile.
We now give physical arguments which determine the optimal initial spread oo, for which the
difference dgqm — d1 is the smallest. Since the projectile is launched from a large distance L > d,
the time of collision satisfies 7] & mL/pg. We approximate the position spread before the collision

by the value obtained for a free quantum evolution:

/ K273 RL\? 1
(1) =oy/1+ i U\/l + <2po> ps (3.13)

We established in Eq. (3.11) that the quantum wave packet feels a stronger force compared to its

classical counterpart. As an implication the wave packet, on average, is reflected from a farther
distance, i.e., dgqm > dq. For a given potential, the quantum averages at a given time are closer to
their classical values for wave functions that are more and more concentrated in space. Therefore the
difference dgm — dg is smaller for narrow wave functions, and it is minimal when o(7¢) is minimal.

Eq. (3.13) suggests that this happens for the initial spread given by

hL
00 = |2, 3.14
0 2po (3:14)
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FIGURE 3.4: Quantum distance of closest approach and the position spread during the
collision. The initial width of wave packets is o9 = y/hL/2pg, where pg is the momentum
of a classical alpha particle with kinetic energy Ty. The left panel shows the position
spreads of alpha particles with Ty = 5 MeV for various launch distances L, with the
dotted lines showing the spreads of a freely evolving particle. The black dots show the
time of quantum collision, i.e., when the spread is minimum and the average position
is dqm. The right panel shows that the classical distance of closest approach is within a
standard deviation (dashed lines) from the quantum distance of closest approach (the
lower dashed line is close to zero). The energy dependence is negligible. Numerical
details are given in Sec. 3.9.

and corresponds to the spread at the collision time (7)) = v/2 0. Fig. 3.3 shows that this is in an
excellent agreement with the numerically obtained minimas in dqm.

Furthermore, we establish the range accessible to the quantum distance of closest approach for
the energies considered in this work. The left panel of Fig. 3.4 shows the position spread of wave
packets launched from various distances. The collisions correspond to the sudden drops of the position
spread, i.e., the wave packet gets compressed when the projectile approaches the target. The distance
of closest approach matches the minima in these curves, which are all smaller than the initial spread
of Eq. (3.14), i.e., the uncertainty in dqm is less than op. Next, we show in the right panel of Fig. 3.4
that the classical distance of closest approach is within the range of one standard deviation from the

quantum distance of closest approach. Finally, this translates to

hL
da < dgm < dg 4+ | —. 3.15
1 < dqg 1 \/2p0 (3.15)

3.4.1 Origin of the optimal spread

Mathematically, Eq. (3.3) encoding the equivalence between the classical and Ehrenfest dynamics, is

satisfied for any potential if the wave function is given by the Dirac delta. The more the wave function
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is concentrated in space, the more similar classical and average quantum positions are. Physically,
however, due to the Heisenberg uncertainty principle, there is no evolution which preserves the Dirac
delta, and we show that this leads to the optimal initial spread. For the values presented in Fig. 3.2a,
the optimal spread is about 50 fm (see green dotted line). If the initial spread is larger (compare
with the red dashed line), the wave function spreads further and the deviation from the classical
trajectory is higher. But for smaller initial spreads (compare with the blue dashed-dotted line), the
free quantum evolution dominating initially predicts faster spreading due to large initial momentum
dispersion. Therefore, the standard deviation becomes larger by the time the wave packet reaches

close to the target, and the deviation from the classical trajectory is again higher.

3.4.2 Time asymmetry of quantum collision

As already seen in Fig. 3.2a, the classical and quantum collisions happen at different times. The
classical time 7 is obtained by requiring vanishing momentum in Hamilton’s solution. The quantum
collision time 74y, corresponds to vanishing average momentum in Ehrenfest’s solution. This time
matches with the minima in the position spread shown in Fig. 3.4.

A distinguishing feature of the quantum trajectory is its asymmetry with respect to the collision
time. Recall that the classical trajectory is symmetric in time, i.e., ¢ (7 — At) = zq(7a + AfL),
and similarly for momentum pej(7¢) — At) = —pei(7a + At). In particular, the projectile returns back
to its original launch distance exactly at time T" = 27.. Our calculations show that the quantum
projectile makes a collision at a different time 74y, (> 7.1), and the evolution for ¢t > 7y, is not a mirror
image of evolution for ¢ < 74y. The return journey of a quantum particle takes a longer time than
the onward one, and the wave packet returns at its launch position at time 7' > 274 (> 27¢). For
the case in Fig. 3.5 (0 = 159.85 fm), the time taken for the return journey is longer by ~ 1.3 x 10722
s. Such effects are more prominent for wave functions with a larger momentum variance, e.g., the
time difference is ~ 1.1 x 1072! s for the case of o = 20 fm in Fig. 3.2.

The discussed asymmetry in quantum trajectories is yet another manifestation of the convexity
in Coulomb potential. Consider a point at distance X from the target. Irrespective of whether it
is travelling towards or away from the target, a classical particle feels the exact same force when it
passes through that point, i.e., —V/(X). Accordingly, the Hamilton’s solution of Eq. (3.2) has to be
symmetric about 7. The quantum case is much more interesting; Figs. 3.4 and 3.5 show that the
position spread immediately after the collision is larger than what it was before. This means that the
width of the wave packet, when it passes through point X, is larger during its return journey. As a
consequence, the average force experienced by the quantum projectile at that point, i.e. — (V/(X)),

is different in the onward and the return journeys. Accordingly the Ehrenfest’s solution of Eq. (3.1)
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FIGURE 3.5: Expected quantum properties (solid red lines) of an alpha particle about
the quantum collision time. The dashed black lines present classical predictions. The
dotted green line in the lower-left panel gives position spread for a freely evolving alpha
particle wave packet (as if there was no Coulomb interaction). The gray shaded regions
mark one standard deviation. The projectiles are launched from a distance L = 50 pm.
The initial width of the wave packet is oo = \/AL/2pg, where pg is the momentum of a
classical alpha particle with kinetic energy Ty = 5 MeV. Numerical details are given in
Sec. 3.9.

has to be asymmetric about 74my. Finally, the classical trajectory x and pq is not even statistically
within the quantum prediction, i.e. it is outside (%) + Az and (p) + Ap (see Fig. 3.5).

We started our discussion by showing that initially the quantum projectile is repelled more than
the corresponding classical counterpart. For example, alpha particle of Ty = 5 MeV launched from L
= 50 pm feels an average force <F> ~ 1.000031F;; at t = 0. Since for later times (z) < z. (negative,

see Fig. 3.2a) we obtain

‘<F>‘ ~ <@21(0)> = <fé)>2 < le(t) ~ |Fal. (3.16)
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FIGURE 3.6: Tunneling through the Coulomb barrier. The barrier is plotted in blue.

The projectiles are prepared as Gaussian wave packets and shot from the left side. The

size of the well, [ = 25 fm, is the typical distance just outside the range of strong
interaction.

The second inequality starts dominating closer to the target, and during the collision the classical

force far exceeds the quantum one as seen in Fig. 3.5.

3.5 Quantum tunneling and the WKB limit

Having established the differences between the classical and average quantum dynamics, we now move
to a possibility of their experimental verification. The basic idea is to look for the onset of nuclear
reactions. We model the potential in the vicinity of the nucleus by the Coulomb barrier given in
Fig. 3.6 and defined by

ZpZrahe/lz|, x<lI,
V(z) = (3.17)

0, x> 1.
Under the classical model of the collision, if the projectile can cross the barrier it can be observed as
a reaction. In such a case, the classical distance of closest approach is smaller than the size where
the barrier is truncated. We take as a well-established fact that alpha particles cannot be prepared
with only one momentum value and repeated momentum measurement on the projectile before the
collision returns a normal distribution. For this reason, within the classical model, we deal with an
ensemble of projectiles with Gaussian momentum probability density. This is calculated by taking a

Fourier transform of the initial wave function in Eq. (3.10):

2

0 = [ [t oo )
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oo (z+L)*  po P
- S 2 IS < L ;P
2n)0 /_OO dx exp( w2 T (x+ L) | exp ( ’th>

2
_ ‘\’}g exp (—2;2@ —p0)2>. (3.18)

Only those particles will cross the barrier which are launched with an energy larger than the Coulomb

1 2

barrier, i.e., p?/2m + V(L) > V(I). This gives the limiting (minimum) momentum required to cross

the barrier as

Prim = \2m[V (1) = V(L)) = \/sz0(} - i)dd. (3.19)

Accordingly, the classical crossing probability P is given by

oo o [2 [t o?
= Calewor = 57 [ pexp< 0= po)

lim lim

- %[1 — erf (Ui\h/i(plim — po))}, Plim > Do, 5.20)
i [1 + erf (G\%(po - plim))} , Plim < Po, |
where erf is the error function. In a concise form,
P, = 1[1 — sign(prim — po) erf (h|phm — polﬂ. (3.21)
2 ov2

This quantity is shown by the bold dashed line in the left panel of Fig. 3.7. Conversely, from the
measured probability of nuclear reaction, one can estimate the variance in position and momentum
of the classical ensemble and compute the mean distance of closest approach.

Within the quantum model, the initial randomness is encoded by the Gaussian wave function.
We compute its evolution in the presence of the Coulomb barrier and determine the probability that
the particle tunnels through Pr = tliglo [ % dz (2, t)|>. The result is plotted as a solid curve in
the left panel of Fig. 3.7 and it is considerably different from the classical result for initial wave
functions with position spread bigger than about 10 fm. For smaller position spreads the quantum
and classical curves are approaching each other. Finally, for Dirac delta position distribution, in
both cases we have flat momentum distribution, and hence half of the particles tunnel through. The
range of very small position spreads is not accessible in our numerical calculations because the wave
function spreads very fast such that the dynamics of approaching the barrier already consumes all
of the computational resources. We again emphasize that the nuclear reaction cross-section directly
translates to the spread of the projectile’s initial wave function. This provides an interesting way of

experimentally determining this spread.
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Note also that simultaneous measurement of the tunneling probability and the initial position
or momentum spread is capable of disproving the classical model. For example, at ¢ = 10 fm the
classical probability is more than three orders of magnitude smaller than the quantum one, which is

at the measurable level of 1073 (one in a thousand).

3.5.1 The Wentzel-Kramers-Brillouin approximation

Quantum tunneling is of course a well-studied phenomenon, with many interesting applications even
in astrophysics [68, 69]. Traditionally, the projectile is assumed as an incident plane wave and the
tunneling probability is approximated within the time-independent theory. One such treatment is

the Wentzel-Kramers-Brillouin (WKB) approximation [80, 81]:

92 rl
= f exp [—h dx \/2mEO (dd - 1>1 . (3.22)
\2mB (% - 1) dl v

We now provide conditions under which this approximation matches the time-dependent approach
presented here. Some advancements have already been made in the limiting case of low-energy
projectiles with a negligible momentum variance [74], and it is expected that many peculiar effects
arise with a large momentum spread [70-74]. In the left panel of Fig. 3.7 we plot the tunneling
probability in the WKB approximation by the horizontal dashed line at the bottom. The WKB
result tends to the dynamical one in the limit of small initial momentum spread (large position
spread). However, it does not exactly approach the tunneling probability obtained in the dynamical
simulation. The right panel of Fig. 3.7 compares the two results for different initial energies of the
projectiles. One can draw a boundary between the range where the two results are comparable and
where they are very different. It turns out that it is given by the optimal o9 we have derived above.
In our simulations we varied the launching distance about 50 pm, and observe that the results are

practically independent of L.

3.6 Rutherford’s experiment with photons

An interesting regime of Rutherford experiment is when the projectiles are moving at relativistic
speeds, e.g., the photons moving through a medium with refractive index ~ 1/z [82]. While the non-
relativistic wave packets shown in Fig. 3.3 of the present work do not recover the classical solution,

in the Rutherford scattering of photons the classical limit is achieved [82]. This is a consequence
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FI1GURE 3.7: Tunneling of alpha particle launched towards a Coulomb barrier of a gold

nucleus. o is the spread of the initial position probability density of the projectile. Pp

is the tunneling probability obtained in the simulations of quantum dynamics. PYYK5 is

the WKB approximation of the same. P, is the probability of barrier crossing obtained

in the classical model [see Eq. (3.22)]. The initial launch distance is L = 50 pm.
Numerical details are given in Sec. 3.9.

of the non-dispersive behaviour of photonic systems. For non-relativistic particles the variance in
momentum directly translates to a variance in the velocity, which leads to a growing position spread
in time. Unlike alpha particles, photonic systems are non-dispersive as the variance in momentum
does not correspond to a variance in the velocity. In other words the wavelength of photons does not
change with time as they travel through free space. The same can be readily proved by solving the
Ehrenfest’s dynamics with the relativistic Hamiltonian for a photon: H= cp, where c is the speed of

light in vacuum. One can use the Ehrenfest’s theorem to prove that the variance does not change:

d dy/j. R d /. L d o,

757 = (@) - @) = (@) 2@ @
= —([a%9]) - 2(@) = (2. )
— o @ind) — 2@ < xin

(3.23)

Accordingly, apart from the negligible impact of refractive index, there is no change in the position
spread of a photonic wave function as it evolves in time. One can therefore have an extremely narrow
wave packet, and hence particle-like dynamics, all along the collision event. This explains the recovery

of classical solutions in photonic Rutherford scattering [82].
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3.7 Prospects and limitations

The time-dependent scattering problems, like the one discussed here, involve the notions of positions
and trajectories. While one can talk about the expected positions for a wave packet, no such analogous
counterpart exists for individual plane waves [83]. Hence, a consistent theory can only be built on
the dynamics of localised wave functions [82, 84].

The internal structures of the projectile and the target will give rise to various exchange effects [85—
88|, which will be more prominent at higher energies and must be accounted for by inclusion of
exchange terms in the Hamiltonian [89-91]. An even fuller approach would be to replace the Coulomb
potential with more realistic interactions [92-94].

Finally, if we consider a two or three-dimensional setting, different parts of the wave packet will
acquire different phases as time passes. This will give rise to a diffraction pattern in the angular
distribution of the total amplitude [95]. An extension of our work in two-dimensions promises to

calculate the possible dependence of this pattern on the initial spread of the projectile wave function.

3.8 The case of two colliding wavepackets

Untill now we represented the projectile as an incident Gaussian wave packet and target as a
simplistic Coulomb potential. Even though this works well in the considered energy range, this
is an approximation. We now consider the target also as a wave packet and study the scattering from
the point of view of dynamics of two colliding wave packets [96].

For example, consider the case of two nuclei A and B launched from z = 4L with an equal
energy Tp, i.e., with a momentum py = /2mT,. If they are prepared in identical Gaussian wave
packets with a position spread o at ¢ = 0, the transformations described in Chapter 2 imply that
in the COM frame the problem decouples into two independent single particle dynamics. The COM
and the reduced mass, at ¢t = 0, are described as localised Gaussian wave packets of position spreads
o/ V2 and /20, respectively. Note that the reduced mass wave packet is broader as compared to the
projectiles by a factor of v/2.

Given the symmetry of collision, the COM (mass 2m) has a zero momentum and sits at the origin,
and the reduced mass (mass m/2) is launched from x = +2L towards the origin with a momentum po.

We can now easily prove that the relative distance is minimised when the reduced mass wave packet

has a width of \/AL/pgy, which corresponds to the optimal width of the projectiles as \/hL/2pg, but
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with the quantum distance of closest approach given by

hL

do < dgm < de1 +
Po

(3.24)

3.9 Numerical details

Numerical calculations are performed in natural units of ¢ = 1. Accordingly, the conversion constant
he = 197.3269804 MeV fm. We follow these units within this chapter. Fine-structure constant, o =
1/137.035999084, and the mass of the alpha particle is 3727.3794066 MeV.

e In Fig. 3.2: L =10 pm and Ty = 5 MeV, which implies pg = 193.06 MeV.

e In Fig. 3.3: Ty = 5 MeV implying pg = 193.06 MeV; oy = 71.49, 101.10, 123.82, 142.97, and 159.85
fm, for L = 10, 20, 30, 40, and 50 pm, respectively.

e In Fig. 3.4:

Ty = 2 MeV implies pg = 122.10 MeV; o9 = 89.89, 127.12, 155.69, 179.78, and 201.00 fm, for L
= 10, 20, 30, 40, and 50 pm, respectively.

To = 3 MeV implies pg = 149.55 MeV; o¢ = 81.22, 114.87, 140.69, 162.45, and 181.62 fm, for L
= 10, 20, 30, 40, and 50 pm, respectively.

To = 4 MeV implies pg = 172.68 MéV; o = 75.59, 106.90, 130.92, 151.18, and 169.02 fm, for L
= 10, 20, 30, 40, and 50 pm, respectively.

Tp = 5 MeV implies py = 193.06 MeV; o = 71.49, 101.10, 123.82, 142.97, and 159.85 fm, for L
= 10, 20, 30, 40, and 50 pm, respectively.

e In Fig. 3.5: L =50 pm and Ty = 5 MeV, which implies pg = 193.06 MeV and oy = 159.85 fm.

e In Fig. 3.7: L = 50 pm, which implies oy = 169.02, 159.85, and 152.73 fm, for Ty = 4, 5, and 6

MeV, respectively.

3.9.1 Tests of convergence

We have employed two different convergence tests to perform the error analysis: (i) the convergence
of the quantum distance of closest approach, and (ii) the constancy of the expected Hamiltonian all
along the scattering event. In Fig. 3.8 we present the error analysis assuming L = 10 pm and o = 100

fm (the typical width of Gaussian wave packets considered here).
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(B) The second test: constancy of the expected Hamiltonian during the scattering event. The
relative errors in <H> are calculated w.r.t. <H(O)>

FiGure 3.8: Convergence of numerical results. The alpha particle Gaussian wave

packet is initially centered at a separation L = 10 pm with a width of o = 100 fm. Ty

denotes the kinetic energy of an equivalent classical projectile. dgm and dc represent
the quantum and classical distances of closest approach, and H is the Hamiltonian.

Fig. 3.8a shows that there is a very good convergence in dqm for grid size < 0.3 fm and time step
< 2 fm. The first panel of Fig. 3.8b shows the variation of the relative error in expected Hamiltonian,
ie 11— <J§T> / <]§T(O)>, as a function of time for a fixed grid size and time step. For most times this
error is negligible, except at t = 7,4, where it attains its peak. The second panel shows this peak
error is negligible for grid size < 0.3 fm. The last panel shows that an increased time step has no
significant impact on the error in energy. Since this was not the case for the error in dgm (see the
second panel in Fig. 3.8a), we use two tests of convergence for reliable calculations. A grid size of 0.2

fm, with a time step of 1 fm (equivalent to 1 fm/c in SI units), ensures a good precision in all of our



Chapter 3. Head-On Collision in Rutherford Experiment 41

calculations. We have accordingly set the same throughout this chapter.

3.9.2 Dynamic grid allocation

Dynamical simulations of long-range interactions require huge computational resources. Moreover,
the intrinsic time scales (the timescale on which the wave function is changing) are much smaller
than the time elapsed in the collision events. This makes it challenging to study the scattering in a
fully quantum mechanical time-dependent theory [97-99]. Within the scope of this chapter, the wave
function remains confined near a single point; this allows us to perform a dynamic allocation of the

grid and recast the problem as a sequential chain of small simulations.

e We start by defining a box around the initial launch distance such that the wave packet is
highly concentrated at its center. The simulation is initiated, and the wave packet evolves
in the chosen potential. We keep track of the peak and the width of the probability density

function to make sure there is no reflection from the boundaries of the box.

e Once the tail of the probability distribution starts approaching either of the boundaries, we
define a new box that re-confines the wave packet at its center. Note that at all times the wave
packet’s center is separated from numerical boundaries by a distance which is at least seven

times the position spread of the wave function.

o The final wave function from the old grid (box) is interpolated and used as an initial condition
to start the calculation onto the new grid. The grid allocation and interpolation keep repeating

until the wave packet returns back to the original launch distance.

This chain of small simulations is verified to precisely simulate whole of the event.

3.10 Summary

Average quantum dynamics in potential with well-defined convexity properties does not approach
its classical counterpart. We have shown this in the case of Coulomb interaction between the alpha
particles and the stationary gold nuclei in a head-on collision. The differences include the distance of
closest approach, time of collision, and time symmetry of the dynamics. We sketched an experiment
aimed at verifying these predictions. It could be rather challenging as we focused on head-on collisions
in this work. It would be interesting to work out possible differences in the 2D setting and compute
how the differential cross-sections depend on the spread of the initial wave function of the alpha
particle. Such predictions might be easier to verify in a laboratory. Finally, the model could be

extended to study fully quantum mechanically astrophysical nuclear reactions.






Chapter 4

Gravitational Entanglement between

Freely Falling Masses

We describe a method for a precise study of gravitational interaction between two nearby quantum
masses. Since the displacements of these masses are much smaller than the initial separation between
their centers, the displacement-to-separation ratio is a natural parameter in which the gravitational
potential can be expanded. We show that entanglement in such experiments is sensitive to the
initial relative momentum only when the system evolves into non-Gaussian states, i.e., when the
potential is expanded at least to the third-order (cubic) term. A pivotal role of the force gradient
as the dominant contributor to position-momentum correlations is demonstrated. We establish a
closed-form expression for the amount of entanglement, which shows a linear dependence on relative
momentum. From a quantum information perspective, the results find applications as a momentum
witness of non-Gaussian entanglement. Our methods are versatile and apply to any number of central

interactions expanded to any order.

m

Probe

> ‘j;'"

-

T A L B
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FIGURE 4.1: Setup under consideration. Two identical spheres of mass m are released

from the ground state of identical harmonic traps with an equal and opposite momentum

po along the line joining their centers. The centers are initially separated by a distance

L, and displacements from them are denoted by x4 and zg. After time ¢ entanglement
is estimated with the help of the probing lasers.
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4.1 Introduction

The experiment we have in mind in this chapter could be realized within the field of
optomechanics [39], which already succeeded in cooling individual massive particles near their
motional ground state [41, 42, 100], and in entangling cantilevers to light and themselves [43, 44, 101].
In such a setup the particles are separated much more than their displacements. For example, two
Osmium spheres (the densest natural material) each of mass 100 pg (radius 0.1 mm) with an initial
inter-surface distance of 0.1 mm move by less than a nanometer within 1 second of evolution [29],
vividly illustrating the weakness of gravity. Since the situation under consideration is non-relativistic,
the relevant interaction is characterized by the quantum Newtonian potential. Given that the
displacements are small compared to the initial separation between two spheres, a natural parameter
in which the potential can be expanded is the displacement-to-separation ratio [29, 30, 35, 102, 103].
The goal we propose here is to identify phenomena that can only occur if the potential is expanded
to a particular order, thus witnessing the relevance of at least this order in experiments.

From this perspective, the gravitational entanglement proposals, in addition to providing clues
about the quantum nature of gravity, also supply tests of the form of gravitational interaction. For
example, entangling two initially disentangled masses requires at least the second-order term [26, 27,
29]. Here we show a method that witnesses the third-order term and has an advantage of a simple
modification of the entanglement scheme with confined particles. Hence, an experiment designed to
probe gravitational entanglement can also be used to witness even weaker gravitational coupling.

Our basic idea is to push the particles towards each other as it is intuitively expected that
such obtained stronger gravity will lead to higher accumulated entanglement. Yet, we demonstrate
that the quantum entanglement generated by gravitational potential truncated at the second order
is insensitive to the relative motion of the two masses. This is shown explicitly with an analytical
solution for the time evolution of the corresponding covariance matrix [104-106]. Our intuition is only
recovered with the potential containing at least the third-order term, i.e., when the system evolves
into a non-Gaussian state. A closed-form expression for entanglement is established, which agrees
with numerical simulations, showing a linear dependence on the relative momentum and the critical
role played by the force gradient across the reduced mass wave packet. The introduced methods are
applicable to any central interaction, even when many of them are present side by side. Moreover,
the closed forms can be obtained for expansions to arbitrary order. They also show remarkable
robustness, e.g., even the impact of the fourth-order term on the non-Gaussianity quantifier can be

captured numerically despite an astonishingly weak gravitational interaction.
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FIGURE 4.2: The same as Fig. 2.3, but for two identical masses m prepared in Gaussian
states having the same width ¢ and equal and opposite momentum py.

4.2 Experimental setup

Consider the setup schematically represented in Fig. 4.1, where we also introduce our notation. The
initial wave function is assumed to describe two independent masses, each in a natural Gaussian state

with position spread o: ¥(z4,2p,t =0) =a(xa) Yp(xp), where

1 \1/M4 72 '

Yalxa) = (27m2> exp(—r‘é—i—z%ﬂm), (4.1)
1 \1/4 72 P

Yplrp) = (27m2> exp(—r:é—zﬁoxg ) (4.2)

Note that without loss of generality we chose the momenta to be opposite and equal. The Hamiltonian

in the non-relativistic regime is given by

A2 A2 2
g-Pa P Gm7 (4.3)

2m  2m L"‘(QA?B_@A).

Since this is a two-body problem, we showed in Sec. 2.7 that the initial wave function separates as

U(zg,zp,t =0)=¢(R,t =0) ¥(r,t =0), where
1/4 2
G(R,t=0) — (L> exp (-%), (4.4)

1 1/4 7”2 D
P(r,t=0) = (47T02> exp (—@ — zﬁor . (4.5)

The wave functions ¢ and 1 describe the motion of the COM and the reduced mass, respectively.

Recall that the COM wave packet admits a smaller width of o/1/2, and the reduced mass wave packet

has a larger width of ov/2. The corresponding relations are illustrated in Fig. 4.2. In this frame the
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Hamiltonian decouples as

m L4+7

R R R PQ A2 2

where P = —ihd/dR and p = —ihd/dr are the momentum operators for the COM and the reduced
mass, respectively. A separable Hamiltonian implies that the two-body wave function retains its
product form at all times, i.e., ¥(z4,zp,t) = ¢(R,t) ¢(r,t). Furthermore, the COM wave packet
evolves like a free particle, i.e., its Gaussianity is preserved [107-109], and the first two statistical

moments characterize the quantum state fully. They are given by [see Appendix B for details]

AR? - <A2>_<g>2:;(f?<1+w3t2>, (47)
apt = (P (P = I (4.
Cov(R,P) — %<RP+PR>-<R><?>:%M@. (4.9)

The state 1) evolves in the gravitational potential, which we now expand in the powers of the

displacement-to-separation ratio r/L:

i — p2 Gm2 p2 1 2 % (_1)” NG (410)

where N is the order of approximation, and we defined w? = 4Gm/L? for later convenience. We
derive exact analytical expressions for the statistical moments of ¢ by solving the related Ehrenfest

equations in the case of N = 2 [see Appendix B for details|:

Ar? = () = (7)

1
202 (1 + sinh? (wt)) + gLQ (3 + cosh(2wt) — 4 cosh(wt))

LpO . . 4 2 hQ .12
+W<smh(2wt) - 2s1nh(wt)) + 3 (po + ) sinh®(wt)

2

- BL(I - cosh(wt)) - % Sinh(‘*’t)]

2
= 202 <Cosh2(wt) + w—g sinh? (wt)), (4.11)
w
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h2 1
2 K2 i
(po + &ﬂ) (1 + sinh (wt)) + meLpo sinh(2wt)

2
1 1
+4m w (20 + 4L2) sinh?(wt) | — [— po cosh(wt) — meL Sinh(wt)]

h? w?
= cosh?(wt) + —5 sinh?(wt) |, (4.12)
8o wj

Covlrp) = (D +) () )

l\')\»—l

(PP + pr)
1 2f .
cosh (2wt) — cosh(wt)) + gme (smh(2wt) -2 smh(wt))

< st m2w20 > sinh(Zwt)l

2po . 1 .
l (1 — cosh(wt) ) - smh(wt)} X [—po cosh(wt) — meL smh(wt)]
= - ( LY ) inh(2wt). (4.13)
=1\ T S w :

Together with the statistical moments for the COM, these determine the bipartite covariance matrix,

o, in an exact closed form [see Appendix C for details]:

0’00(0‘02) = AR? +(—) %A’I”Q, (4.14)
(o) = JAP +() AP (4.15)
o01(o03) = %COV(R, P)+(-) %Cov(r,p). (4.16)

With the inclusion of higher-order terms in the potential, i.e., N > 2, the corresponding
Ehrenfest’s equations cannot be solved analytically due to the emergence of an infinite set of
coupled differential equations involving ever-increasing statistical moments. We therefore resort to
numerical methods and calculate the time evolution of ¢ by implementing Cayley’s form of evolution
operator [110]. The numerical evaluations for ¢ are combined with analytical solutions for the COM
to construct the covariance matrix and the two-body wave function. In order to deal with weak
gravitational interaction, we used the improved Cayley’s method with the five-point stencil and
discretised onto a pentadiagonal Crank-Nicolson scheme, which is further solved by implementing
the LU factorization techniques. The details have been described in Sec.2.4.

The methodology just described returns an analytical form of the covariance matrix at time ¢
for potentials truncated at N = 2 and a numerical form of the two-body wave function for all V.

These are thereafter used for computing the entanglement between two masses [see Appendix C for
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the methodologies for estimation of quantifiers|. In particular, we use logarithmic negativity and
entropy of entanglement as entanglement quantifiers. While logarithmic negativity is known to be a
faithful entanglement quantifier for Gaussian states [104-106]. we will also discuss non-Gaussian pure
states and hence the inclusion of the entropy of entanglement. We first give the results for N = 2,
emphasizing the independence of relative momentum and its origin. Then we move to N = 3 and
demonstrate that entanglement does depend on the initial momentum, and in the relevant regime,
it is linear in the relative momentum. We also analyze an indicator of non-Gaussianity (skewness)
and demonstrate the precision of our methods by calculating the marginal impacts of the fourth-
order term in the potential expansion. A methodology to obtain closed-form expressions for the

entanglement gain with time is presented.

4.3 Entanglement gain with quadratic interactions

Consider first the gravitational potential truncated at the second order. We obtained exact analytical
forms for the independent elements of the covariance matrix. The solutions simplify if they are written
in terms of already introduced w and in terms of wg = h/2mo?, which is the frequency of harmonic

trap for which the initial state is the ground state. They are given by

1
oo = AR2+ ZAT2

1 1
= [20'2(1 +wgt2)] + Z

2
202 (cosh2 (wt) + % sinh? (wt))]

AN
= T 2+ wit? + (1—|—wg sinh?(wt)|, (4.17)
2 1o,
gp2 = AR” — ZAT
e 2(1 + wit?) ) P h?( t)+w—g inh?(wt)
= |3° wy 1 |207 | cosh™(w 2 sinh*(w
h Wi\ .
= T [wth - (1 + wg> smh2(wt)], (4.18)
1 2 2
g1 = ZAP +Ap

1{ K2 12 ) w?
=3 <w> + ) <cosh (wt) 4+ 2 sinh®(wt)

8 0
2
mhwo o <1 + ;) sinhQ(wt)], (4.19)
0
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1
g13 = ZAPQ—APQ

1{ n? 2 ) w? o,
1 (W) ~ 352 (cosh (wt) + ng sinh®(wt)

hiw 2
— _mheo (1 + w2> sinh?(wt), (4.20)

4 wp

1 1
ool = §COV(R,P)+ §COV(T,]))

1/1 1Th /wy w
= — | — — = — e 'h2
2(2hw0t)+2[4<w +w0)sm ( wt)]

h
=2 [2th + (wo + “) sinh(2wt)], (4.21)
8 w Wy

1 1
o0z = §COV(R,P)— §Cov(r,p)

1/1 1Th /wg w .
=3 (2hwot> ~3 [4 (w + wo) Slnh(2wt)]

= Z{Qwot — (C:? + w) sinh(2wt)]. (4.22)

wo

The logarithmic negativity for pg = 0, in the regime w < wy and wt < 1, was already approximated

to [29]

E(o) ~ —logy \/ 1 + 20666 — 20313\/1 + Q015, (4.23)

where % = wow?/6. We verified that this formula indeed matches our results, and emphasize that
the solutions obtained here are ezact, and hence they can be used to quantify entanglement outside
of the constraints that led to Eq. (4.23). An example is given below.

Perhaps the most striking feature of the covariance matrix is its insensitivity to the initial
momentum pg. Accordingly, all quantities derived from the covariance matrix, say entanglement
or squeezing [102, 111], are independent of the initial momentum. Evidently, in this approximation,
the two initially moving masses accumulate the same amount of entanglement as when they start
from rest. Furthermore, the amount of entanglement is the same, independent of whether the
masses are moving toward each other or away from each other. This is confirmed by the simulations
presented in Fig. 4.3. Not only there is no momentum dependence in the dynamics of logarithmic
negativity and entropy of entanglement, they also perfectly overlap with analytical results, rendering
our methods reliable and consistent. We emphasize that the configurations considered here are
non-relativistic. Field theory calculations imply momentum-dependent relativistic corrections to the
Newtonian potential [112, 113], and accordingly, we verify that second-order quantum entanglement

generated by relativistic particles is, in principle, momentum dependent. However, for the parameters
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FIGURE 4.3: Accumulation of entanglement with gravitational potential truncated at

the quadratic term (N = 2). The configuration consists of identical Osmium spheres

with m = 0.25 pg, L = 2.5 times their radius, and ¢ = 2.5 nm. pg is the initial

momentum. Analytical results are calculated with the closed form of the covariance

matrix. E(o) denotes the logarithmic negativity of covariance matrix, and S(p4) is

the entanglement entropy. The values of py/mL in the legends are in multiples of
6.18082292 x 1073 s~ 1.

in Fig. 4.3, such corrections to the Newtonian potential energy are sixteen orders of magnitude smaller
and hence we do not discuss them. We also note that Eq. (4.23) is not applicable to the configuration

considered in Fig. 4.3, because wy =~ 25w.

4.4 Force gradient as the driver of quantum correlations

We now move to explanations of the observed results. Mathematically, it is clear that a non-zero
force gradient across the size of the wave packet is a necessary condition for entanglement. Without
it the potential is effectively truncated at N = 1, and the total Hamiltonian is the sum of local terms.
Physically, entanglement is caused by correlations in complementary variables, here between positions
and momenta. Due to a force gradient, the parts of the wave packets that are closer are gravitationally
attracted more than the parts which are further apart. Hence a moment later, different momentum
is developed across different positions within the wave packets, leading to quantum entanglement.
Furthermore, assuming that the force gradient is the main contributor to entanglement gain
explains the independence of initial momentum. Since the potential is truncated at N = 2, the force
gradient is constant in space. Therefore, it is irrelevant if the particle moves to a different location
in the meantime, and hence the initial momentum does not play a role in entanglement dynamics.

Quantitatively, the force gradient is F = mw?/2, and therefore it fully describes entanglement in
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FIGURE 4.4: Momentum dependence of entanglement accumulated with gravitational

potential truncated at the cubic term (N = 3). The same physical configuration as in

Fig. 4.3. Analytical results are calculated from the closed-form of the covariance matrix

for N = 2, and coincide with the numerical results for N = 3 and py = 0. The values
of po/mL in the legends are in multiples of 6.18082292 x 103 s~ 1.

Eq. (4.23) since now Q3 = wow?/6 = (wo/3m)F5. In the following section we provide further evidence

for the pivotal role of force gradient in entanglement dynamics due to higher-order interactions.

4.5 Entanglement gain with cubic interactions

Let us continue with the working hypothesis that the force gradient is the dominant factor in
entanglement dynamics. For the cubic potential, N = 3, the gradient is given by Fj3(7) =
(1 — 3#/L)mw?/2 and importantly it admits a position dependence. Accordingly, entanglement
should be sensitive to the initial momentum as the gradients are different at different locations. This
is indeed observed in Fig. 4.4 for gravitational potential truncated at the cubic term. Furthermore,
when the two masses are moving towards each other, pg > 0 and (#) < 0, and consequently, the
gradient increases, matching the growing entanglement. Conversely, when the masses are moving
away, pop < 0 and (#) > 0, the force gradient decreases, matching the slower entanglement gain.
Quantitative statements can also be achieved.

Fig. 4.5 shows experimentally friendly plots of the ratio of entanglement accumulated within time
t with non-zero initial momentum to entanglement gained from rest. The numerically calculated

linear dependence (solid lines) can be explained with closed expressions (dotted lines) that we now

explain. The force gradients for the quadratic and the cubic interactions are related by the following
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FIGURE 4.5: Comparison of the entanglement accumulated with non-zero momentum

to entanglement gained from rest, with gravitational potential truncated at the cubic

term (N = 3). The ratios show a linear dependence on the momentum and are very

well approximated in the regime of positive py (masses moving towards each other) with
Egs. (4.26) and (4.27).

conversion factor: Fi(7) = (1 — 37#/L)F;. The average factor therefore reads

(F3)
B

3.
=12 (7). (4.24)

The initial momentum pg is much larger than the momenta generated by gravity and the wave packet,

on average, practically follows a free particle trajectory: () = rq = —2pot/m. Hence,
(F3) 6po
=14+4—t=1 t). 4.25
2 + 7 + es3(t) ( )

Fig. 4.4 shows that for vanishing initial momentum, py = 0, the entanglement obtained with cubic
and quadratic potentials is practically the same. We therefore extrapolate that entanglement for non-
zero initial momentum is related to entanglement from rest by a simple function of the conversion

factor. The plots of Fig. 4.5 are fitted with

S(pa) = [1+es(t)] S(parpo =0), (4.26)
E(o) = |1+ 563(0] E(o,py=0), (4.27)

where S(pa,po = 0) and E(o,pg = 0) are to be calculated based on the Gaussian covariance matrix
due to the second-order potential. Note that the factor of 1/2 next to €3 in the logarithmic negativity is
causing a departure from the exact conversion factor between the force gradients. These formulae are

in remarkable agreement with the computational results in the regime of positive initial momentum
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FIGURE 4.6: Non-Gaussian reduced mass dynamics. The physical situation is as in

Fig. 4.3. Skewness (fi3) is computed for the position space distribution. N denotes the

order of approximation, see Eq. (4.10). The left panel is for masses initially at rest, and

the right panel is for masses moving toward each other. The values of pg/mL in the
legends are in multiples of 6.18082292 x 1073 s~1.

(masses moving towards each other, the regime of experimental interest) and also work quite well
for negative initial momenta. This again affirms that the force gradient is the primary driver of
gravitational entanglement. Furthermore, these closed forms can now be used in a plethora of

configurations to estimate the amplification of entanglement for a non-zero initial momentum given

entanglement from rest.

4.6 Non-Gaussianity is necessary but insufficient

The results presented so far could also be seen as a simple momentum-based witness of non-
Gaussianity in a quantum state. Indeed the cubic term is responsible for non-Gaussian evolution
that we now quantify in more detail.

Fig. 4.6 presents the skewness fi3 in the evolution of the reduced mass wave function ¢». While fig
vanishes for N = 2, as it should, it rises steeply for N = 3. The physical reason is clear from Fig. 4.2
describing the change of variables between LAB and COM frames. The left end of wave function 1 is
attracted towards the center of mass more than the right end. Over time this makes the probability
density function negatively skewed, which is indicated by fis < 0. Fig. 4.6 also demonstrates the
precision of our numerical methods, which even capture marginal contributions of the fourth-order
term to the skewness. Note that while in optomechanical systems higher-order moments (skewness
and beyond) amplify the entanglement gain [114], in gravitationally coupled systems the skewness has

to be accompanied by a non-zero initial momentum: see in Fig. 4.4 that for N = 3 the entanglement
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gained from rest is the same as that for N = 2, and only positive initial momentum leads to a higher
gain.

While non-Gaussianity is necessary for a momentum dependence of gravitational entanglement,
it does not dominate the entanglement dynamics. Fig. 4.6 shows that skewness is practically the
same for the two considered relative momenta whereas Fig. 4.5 demonstrates that entanglement
entropy accumulated after 5 seconds is different by 30%. Similarly, skewness is non-zero for initially
stationary particles but entanglement dynamics with and without non-Gaussianity look practically
the same. To give quantitative values, we consider the stationary configuration of two Osmium
spheres with m = 1 pg separated by a distance of L = 2.1 times their radius. After an evolution for
5 seconds, the entanglement gain with cubic potential is larger than the entanglement accumulated
with quadratic potential by only = 0.001, 0.002, and 0.003%, for an initial spread of o = 5.00, 0.50,
and 0.05 nm, respectively. We emphasize that it is the force gradient that plays a pivotal role in
entanglement dynamics. Despite practically the same levels of skewness, the force gradient, and
hence the entanglement, is significantly higher when the reduced mass wave packet drifts closer to
the COM.

We would also like to address the question of whether a simpler method for detecting the third-
order coupling exists than based on measurements of entanglement. Indeed, note that solely the
mean relative momentum signal could be used for such purposes. For gravity-like interactions, as in

Eq. (4.10), one can use the Ehrenfest’s theorem to get the expected relative momentum as

d . . 1 A A2 mw? al (_1)n A am
20 = —([p9]) - > > gz (077
mw2 al (71)n An—
oS ey 129
and its second derivative as
a2 mw? & (=™ d .,
@ = X e g ()
mw? &L (—1)" 1 -1 mw? (=D
- s Sl () - S ()
w2 al (_1 " n—2 AN —
= 47;2Ln_)2n(n—1)<r 25+ pr 2>
= WP+ E ﬁ (71)nn(n— 1) <f"’2A+ Af”*2> (4.29)
- p 4 LniQ p p . .
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Hence we derive

1 d? . 1
<ﬁ>@<p):w2 1+1n§:3(—1) n(n—1)<

fn72ﬁ + ﬁfn72>
Ln=2 (p)

(4.30)

Given a non-zero relative momentum (p) # 0, and a quadratic potential N = 2, the ratio is equal to
a constant: %% (p) = w?. Any time dependence of this ratio reveals higher-order coupling, thereby
indicating an evolution into non-Gaussian states. In cases where the center of mass is stationary,

instead of the relative momentum, the local momentum of any particle could be used:

—— () =w?(p), V{(pa+ps)=0. (4.31)

Finally, a word on decoherence effects is in place. The common decoherence mechanisms, due
to thermal photons and air molecules, have already been studied in the considered setup [26, 27,
29, 31, 102]. It was found that the experiment is challenging, but the required coherence times are
in principle realizable, e.g., for freely-falling particles in a high vacuum. The calculations presented
here only relax these requirements as the entanglement is improved when the two masses are pushed
toward each other. For example, in the configuration considered in this work, the entanglement gain of
E ~1.75x 107 is relaxed from 5 seconds to 4 seconds with an initial momentum of py/mL ~ +0.022
s~!. Note that an entanglement detection scheme, inspired by quantum neural networks, achieving

a precision of £ ~ 10~* has recently been put forward in Ref. [115].

4.7 Contributions of higher-order terms

Given that the potential is expanded up to even higher-order terms, their contribution can also
be incorporated with an appropriate conversion factor between the force gradients. Note that the
entanglement entropy in Eq. (4.26) is amplified in the same way as the force gradient in Eq. (4.25).

Assuming that this holds for higher-order terms, the entropy amplification factor can be written as

Spa)  (Fr) )
Soam=0) B ﬂ; n(t), (4.32)

where the corrections for gravity-like interactions (inverse-square forces) arising due to the n'" term

in the potential expansion is given by

en(t) = n(n—1) ("), (4.33)
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FI1GURE 4.7: Comparison of entanglement accumulated with the gravitational potential
expanded up to quadratic, cubic, and quartic (N = 2,3, and 4) terms, respectively.
Solid lines show the results for positive momentum (masses moving toward each other),
and dashed lines are for negative momentum. The dots represent the entanglement
entropy (S) computed with the closed formulae derived in this work. Compared to
the quadratic case, the cubic term lowers entanglement between particles that move
away from each other. Compared to the cubic case, the quartic term adds a positive
correction irrespective of the particles moving towards or away from each other. The
values of po/mL in the legends are in multiples of 6.18082292 x 103 s~ 1.

Since the gravitational force between two quantum masses is weak, for the estimation of (#") we
approximate the reduced mass wave packet to be a Gaussian, with the average position following

classical trajectory and the width following the free evolution:

1 (r— rC1)2
t PSR —— |, 4.34
() Aro/ 2w P ( QA’I"% ( )

where Ar3 = 202 (1 + wt?). With this approximation one obtains

) = [

L [ g ey (=1
e — rrexp | ————
ArgV2m J-o0 P QAT'(Q)
1 +oo n
— ﬁ/oo dy (rd+Ar0ﬁy) e y2, :{y = (r—rcl)/Arox/ﬁ},
— 1/+oo dy z”: n Tn—m(ﬂAroy)me—yZ
ﬁ oo m cl

m=0,1,2,...

2 - n n—m m. [0 m_—y?
= ﬁm ZQW <m>rcl (\/EAT()) /0 dy yme Y
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= % _022:4 (m) \fAT(] / dz 2m=1/2e=% :{z:y2},
— \/17? 3 (;) T (V2an)” r(m;l) (4.35)
m=0,24,...

where I' is the gamma function. Hence, the correction terms for n > 3 are given by

n—2
en(t) = 2\(/;2):_2 n(n — 1) Z (”;f) 2 (Vaar)” r(m;l) (4.36)
m=0,2,

Note that the gravitational interaction is already included in Fj, and the present estimation is
for the factor between the force gradients of different orders only, (F4 ) /Fj. Since €, o 1/L"72
each consecutive term is diminished by a factor of L. Hence, a cubic order correction should be
sufficient for practical applications in the near future. Nevertheless, one can see that the fourth-order

correction to entanglement entropy is given by

2

AL (1+w3t?). (4.37)

()_24 m2[2 1.2

Unlike the third-order term, which was sensitive to the direction of momentum, the fourth-order one
depends on the momentum squared, leading to a positive correction in both the scenarios of masses
moving towards and away from each other. This prediction is confirmed in Fig. 4.7, where we show
the entanglement accumulated with the gravitational potential expanded up to the fourth order. The
derived formulae exactly recover the entanglement gain in the regime of positive momentum, and they
work quite well in the case of negative momentum. Note that ¢4 also depends on the position spread,
hence it might be important even for stationary configurations where the wave packet undergoes a

fast expansion.

4.8 The case of optomechanically levitated masses

Until now we have discussed the covariance matrix of two freely falling masses. In the following
sections we also discuss the situation when the traps are not opened, i.e., when the masses are held
in harmonic potentials [as depicted in Fig. 2.4]. In such a case the Hamiltonian is
N 1 %1 Gm?
H = pA 24,

- —mw - mwx —_—
+ A+ + 0B — L+5&B_j7A7

2m 2 2m 2 (4.38)
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which transforms in the COM frame as [see Chapter 2 for explicit derivation]

N N - p? . o1 R Gm?

H=Hgr+ H :<4m—|—mw§R2>+<m+4mw§r2—L+f . (4.39)
It can be readily checked that ¢(R,t = 0) of Eq. (4.4) is the ground state of Hp. Since eigenstates
are solutions for the time-independent Schrédinger equation, the COM does not evolve in time,
and hence the statistical moments are frozen at their initial values: AR? = 02/2, AP? = h?/20?,

Cov(R, P) = 0. When the gravitational interaction is truncated up to the second order in binomial

expansion,
) 2
A p 1 2 A2 G’ITL
2 = =4+ -
" m e L+7
PPl a0 1o, Cf2 3
= E"'meor - (L* — Li +77), ~{W =4Gm/L }7
A2
1 1 1 1
= % + me%fQ — meQL2 + meQLf + Zm(wg — w2)f2, (4.40)

the solutions of Ehrenfest’s differential equations imply

2) 2
Ar? = % [wg — w? cos? (\/wg - wztﬂ , (4.41)
h2
Ap? = S22 [w% — w? sin? (y/wg — w2t>} , (4.42)
o?w

0

2
Covlrp) = o sin(2/uf — w?t). (1.43)

dwo/wi — w?

Note that we get the same results after replacing w by i4/w3 — w? in the solutions for the freely falling

case in Eqs. (4.11), (4.12), and (4.13). The resultant covariance matrix is

h 2

- _ w 2 2
o = s 2 (Ve )| (a.44)
hw? .9 2
002 = " Imio(@l — o) sin (y/wo — w2t), (4.45)

0
Ao | 2
o1l = Moty W—Q sin2( wd — w%)] , (4.46)
4 I wj

mhw?
o135 = T, 81n2(\/w8—w2t), (4.47)

hw2
0pp = —————sin (2\/(«}(2) — w2t>, (4.48)
8woy/wi — w?

FL&)2
o3 = ————— sin(Q\/wg — th). (4.49)
8wpy/wi — w?
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Each element contains a sinusoidal term: the covariance matrix, and hence the entanglement,
oscillates periodically with a time period 7 = m/2y/w? —w?. Note that the weakness of gravity,
w < wp, implies 7 &~ /2wy, which recovers the approximate results of Refs. [29, 38, 116]. The

logarithmic negativity and the entanglement entropy can be derived in an exact closed form:

B(o) = —% logy (1+2€ —2VE2 + €), (4.50)
S(pa) = (S + ;) log, (S + ;) - (S - ;) log, (S - ;), (4.51)

with
4
_ w 2 /2
S = W S11 ( CL)O — w2t>, (452)
1 w . 9 2
8 = 2\/1 + W Sin ( wo — w2t>. (453)

Under the approximation w < wg, they reduce to

w? )
E(O') ~ m Sln(wot), (454)
w? w
S(pa) = T6u] sin®(wot) [1 — 4log, (M\/sin(wot)ﬂ, (4.55)

which exactly matches with previous finding for the entanglement negativity [29].

4.9 Compatibility with arbitrary central interactions

While our discussions up to now were mainly focused on the gravity-induced entanglement, the
methods we have presented are applicable more generally. First of all, they hold not just for gravity-
like, but for arbitrary central interactions. We just need to expand the potential in a binomial series
similar to Eq. (4.10). Note that the entanglement is characterized by the parameters w and e3. As
we derived, for identical masses coupled via Newtonian gravity:

9 4Gm —%t

wi= 20 es(t) = .

73 (4.56)

The general rule is quite simple. Once the potential is expanded in a binomial series of the relative
displacement, the coefficient of 72 is to be compared with —mw?/4, and e3 is to be calculated by

comparing the force gradients as (Fj) /F5 = 1+ e3. One can then verify that for the Coulomb
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potential between charges ¢; and g embedded into the masses we obtain

o Aqiqeahc
e2ml3

6po
t) = —t. 4.57
es(t) = (4.57)
where « is the fine structure constant and e is the electronic charge. As we shall see towards the

end of this thesis, this can be used to quantify the entanglement gain in the Rutherford scattering

experiment. For an arbitrary central interaction with a potential

C
1% = — _ 4.58
(w4,25) (X +zp —w4)7’ ( )
we obtain
Qj(j + 1)0 2(] + 2)2?0
2 _ —
W= e3(t) = - t. (4.59)

There are situations where the force is known, but solving for the potential is quite difficult, and
sometimes uncertain due to non-unique boundary conditions. In that case the general rule would be
to expand the force in a binomial series and compare the coefficient of r with mw?/2. For example,

if the force is of the form

C
F(za, = — -, 4.60
(a,75) (X +xp—x4) ( )
we obtain
2jC 20+ o
2
= el ==t (4.61)

Note that the functional forms of €3 written in this section are valid only for weak interactions, because
the expectation value of relative displacement is approximated with free evolution. For stronger
potentials one has to take a step back and use e = —3 (#) /L, where () has to be approximated

either analytically or numerically.

4.10 Gravity and Casimir acting side by side

The methods we have established so far also work for multiple central forces acting simultaneously.

If we write the interaction as a sum
V(za,xzp) :ZVk(xA,xB), : {F(J:A,xB):ZFk(:EA,xB)}, (4.62)
k k

the equivalent w characterizing the Gaussian covariance matrix is simply given by a Pythagoras-like

theorem, and the equivalent €5 governing the entanglement amplification due to the cubic-order term
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FIGURE 4.8: Gain of Gaussian entanglement between two Osmium spheres due to
gravity, Casimir, and due to both of them acting side by side. The mass of each sphere
is 1 mg, and they are prepared in Gaussian states with a spread of 1 pm with their
centers separated by a distance which is 2.1 times their radius. The entanglement
quantifiers F and S are calculated based on the Gaussian covariance matrix derived in
this work.
is calculated as a weighted sum:
1
w? = Zwi, e3(t) = = szeg(t)k, (4.63)
k k

where wy and e3(t); characterise the individual interactions.

This is particularly useful from an experimental point of view as, in practice, it might be difficult
to screen all interactions except gravity. For example, the gravitational and the Casimir interaction
are likely to be present side by side. The Casimir energy due to interaction between the surfaces of

two spheres, under proximity force approximation (L 2 2Rp) is [117]

m3heRy
v — 4.64
(za,zB) 1420(L — 2Ry + 25 — 2.2)%" (4.64)
where Ry is the radius of each sphere. This implies
3
9 w2 heRg 8po
= t)= ——————t. 4.65
120m(L — 2Ro)*’ ) = T 2Ry (4.65)

For example, consider the case of two Osmium spheres of mass 1 mg prepared in Gaussian states with
o =1 pm at a separation of L = 2.1Ry. The gain of Gaussian entanglement due to gravity, Casimir,
and due to both of them acting simultaneously, is shown in Fig. 4.8. Note that the entanglement

due to gravity and Casimir acting together is not equal to the sum of the entanglement they would
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FIGURE 4.9: Same as Fig. 4.8, but for m = 100 ug and wy = 100 kHz [29], and
L =21Ry.

generate separately.

Considering a configuration of m = 100 pug, wp = 100 kHz, and L = 2.1Ry, studied in [29], in
Fig. 4.9 we show the entanglement gain with gravity, Casimir, and with both of them combined.
Here the Casimir entanglement practically dominates everything, thereby signifying the need for
its consideration, and hence the utility of our framework, in experiments aimed at observing the

gravitational entanglement between massive objects.

4.11 GGalilean relativity and a drifting COM

We made a change of reference frames so as to dissect the bipartite evolution into two independent
single-particle dynamics. The first one is the free evolution of the COM, and the second one is the
evolution of reduced mass in gravitational potential. Under the assumption that the two spheres
are imparted with equal and opposite momentum, the COM is stationary on average. While this
simplifies our theoretical framework substantially, such a configuration may be difficult to achieve
in an actual experiment. It is much easier to push one of the masses while the other one is kept at
rest. In such a case the COM moves rectilinearly with a constant velocity. The Galilean principle of
relativity demands that the laws of non-relativistic physics must be invariant in all inertial frames of
reference. Consequently, the centered moments of the moving COM should evolve in the same way
as for the stationary COM [46]. This is readily cross-checked as we get the exact same correlation
and variances after incorporating a non-zero momentum in the initial conditions for solving COM

Ehrenfest’s equations. In conclusion, a uniformly moving COM has no role in generating quantum
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(or, for that matter, classical) correlations. Only the relative momentum matters, and as long as it

remains the same, the individual momenta can be tweaked as per convenience.

4.12 Numerical details

Numerical calculations are performed in natural units of ¢ = 1, and hence the conversion constant
he = 197.3269804 keV pm. The density of Osmium and Silica is 22.5872 and 2.65 g/cm?, respectively.
An error analysis implies that, in the numerical time evolution of the reduced mass wave function,
a grid size of < 0.2 pm with a time step of < 10 us is required to maintain accuracy in the extreme
cases of the largest momentum considered in this work. Accordingly, we set a grid size of 0.1 pm
and a time step of 5 us throughout this work. Note that the first term in the gravitational potential
of Eq. (4.10) is just a constant energy offset, which only contributes to an irrelevant global phase in
the quantum dynamics. Moreover, this term is the most prominent of all magnitude-wise. We have
therefore ignored it in numerical simulations so as to maximally utilize the precision for the (relevant)

higher-order terms.

4.13 Summary

We have shown that experiments aimed at the observation of gravitational entanglement can also
be used as precision tests of gravitational coupling. In particular, entanglement dependence on the
relative momentum of interacting particles indicates third-order coupling. Furthermore, the amount
of entanglement accumulated in a fixed time interval grows linearly with the relative momentum
when the particles are pushed toward each other. We presented a closed expression for the amount of
entanglement as a function of relative momentum based on the derived exact covariance matrix for
Gaussian dynamics extended to the third-order and higher-order couplings. The methods introduced
apply to arbitrary central interaction, as well as to arbitrary number of central interactions present

side by side.






Chapter 5

Probing (zalactic Rotation with

Entanglement of Microspheres

While a wide variety of astrophysical and cosmological phenomena suggest the presence of Dark
Matter, all evidence remains via its gravitational effect on the known matter. As such, it is conceivable
that this evidence could be explained by a modification to gravitation or concepts of inertia. Various
formulations of modified gravity exist, each giving rise to several non-canonical outcomes. This
motivates us to propose experiments searching for departures from (quantum) Newtonian predictions

2 i.e., where the effective force

in a bipartite setting with gravitational accelerations < 10719 m/s
needs to be stronger than Newtonian to account for the Dark Matter effects. Since quantum particles
naturally source weak gravitation, their non-relativistic dynamics offers opportunities to test this
small acceleration regime. We show that two nearby quantum particles accumulate significantly larger
entanglement in modified gravity models, such as the Modified Newtonian Dynamics (MOND). We
demonstrate how the temperature can be fine-tuned such that these effects are certified simply by

witnessing the entanglement generated from uncorrelated thermal states, eliminating the need for

precise noise characterization.

5.1 Introduction

Consider the motion of planets in our solar system, where most of the mass is concentrated at the
center, i.e., in the Sun. For an arbitrary planet located at an average distance r, a balancing of
centrifugal and gravitational forces implies that orbital velocity should fall as the square root of the
distance: v < 1/4/r. Famously known as the Keplerian decline, this has been observed to hold true
in our solar system [see Fig. 5.1 for actual data].

Spiral galaxies have a lot in common with the solar system. Most of their mass is also concentrated
towards the center, but the stars do not show any asymptotic Keplerian decline [119]. The orbital

speeds never fall, and the rotation curves saturate beyond the region where most of the mass is
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FIGURE 5.1: Planetary rotation curves in the solar system. v denotes the orbital speed
of the planet with an average distance r from the Sun. Observational data taken from
the “NASA Planetary Fact Sheet” [118].

concentrated [120]. Consequently, the stars in the outer regions appear to be orbiting so fast that,
with such small gravity of the visible matter, they should fly away. Since we do not see it happening,
there is much more gravity in the system than we expect based on the observed mass. Where is that
extra gravity coming from?

One of the dominant proposals along this line is the existence of an invisible matter distributed
throughout the galaxies [121]. This invisible matter, called Dark Matter (DM), is postulated to
generate the missing gravity. Despite being the most widely accepted explanation, the DM has not
been directly detected or confirmed by any experiment [122]. Thinking on a different trajectory,
an Israeli physicist Mordehai Milgrom postulated that there is no DM, and our understanding of
gravity is incomplete. He noticed that the galactic rotation curves saturate beyond a point where
the acceleration due to gravity falls below ag ~ 1.2 x 10719 m/s? [123-125], and proposed proposed
to modify Newton’s law of gravity in this regime such that it explains the observations based on
just the known mass. Based on empirical assumptions, a new law of gravitation was formulated
where the force falls as distance squared, until for tiny accelerations, < ag, where it plateaus to fall
as the distance. This idea is famously known as the Modified Newtonian Dynamics (MOND) [123].
While the MOND conflicts with a lot of fundamental physics, no alternative matches its predictive
power. Accordingly, there has been an effort to formalize MOND by its derivation from underlying
fundamental principles [126-128].

Why are we discussing this topic because of the recent development in optomechanics where
physicists have successfully cooled Silica spheres of radius ~ 75 nm down to a temperature of ~

10 pK [129]. Tt can be easily seen in Fig. 5.2 that two such masses placed nearby generate an internal
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acceleration deep into the limit where MOND is supposed to be relevant.

A modified gravitational coupling between the two masses will have a noticeable impact on
their gravitational entanglement. Fortunately, the MOND potential is of central nature, and hence
compatible with the entanglement machinery developed in the previous chapter. The MONDian
correlations are significantly larger than their Newtonian counterpart, which relaxes the difficulties in
their experimental observation. Going one step further, we develop a strategy where the temperature
can be fine-tuned such that departures from Newtonian gravity are certified simply by witnessing the

entanglement produced starting from thermal states.

5.2 Modified Newtonian Dynamics

The basic idea of the MOND theory is the following: just like Newtonian gravity is an approximation
of General Relativity when the gravitational field is not too strong, it might just be an approximation
of an underlying theory when the accelerations are not too small. The MOND theory re-investigates
our understanding of gravity at tiny accelerations. For a 2 ag it postulates the Newtonian dynamics
where the gravitational force falls as distance squared, but for a < ag, the force plateaus to fall as the
distance. There are two ways of interpreting MONDian corrections. The first way is via modification

of Newton’s second law:

Fzmaﬂ(a), (5.1)

ao
where the exact form of function i is unknown and is not determined by the theory, but consistency

with astronomical observations demands

= (5.2)
1, a > ag.

la a/ay, a < ag,
i(ze)

The interpolating function beyond these limits is weakly constrained [124, 125]. This modification
applies to any force, not necessarily gravitational, and demands that the applied force is related to
acquired acceleration with a proportionality factor that differs from the inertial mass. This assertion
has been experimentally tested with torsion pendula and agreement with Newtonian mechanics has
been confirmed down to accelerations on the order 10714 m/s? [130].

The other interpretation of MONDjian corrections involves modifying Newton’s law of universal

gravitation:

1 M

207 am. (5.3)
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This time the second law of dynamics is held Newtonian, but the force is accordingly adjusted. In
principle, one could also consider modifying both laws with suitable interpolating functions, but this
is beyond the scope of this thesis.

It so happens that the numerical value of the critical MOND acceleration is closely related to that
of other cosmological quantities, e.g., ag ~ cHop/2m ~ (c*/27)\/A/3, where Hy ~ 70 (km/s)/Mpc
is the Hubble’s constant, and A ~ 2 x 1073° s72 is the cosmological constant. These relations
indicate that MOND could be derived from some underlying fundamental principles. Bekenstein and
Milgrom in 1984 proposed such a derivation and showed that the following Poisson-like equation

generates MONDian correlations [126]:
V- [aV®] = 4nGp, (5.4)

where @ is the gravitational potential and p denotes mass density. Note that i also involves gradient
of the potential (acceleration). Such a non-linearity gives rise to a peculiar ‘external field effect’,

which we shall discuss towards the end of this chapter.

5.2.1 Gravitational field outside a spherical mass

We shall now derive the potential of a spherical mass distribution in the MOND theory. To start
with let, us integrate the Poisson-like nonlinear equation [Eq. (5.4)] over the volume that contains

the mass distribution. For a point located at a distance r from the center of the sphere of mass m,
/ d*r V- [pV®] = / d*r 4nGp = 4rGm. (5.5)

One can now use the divergence theorem to rewrite this as
f [AV®] - i d*r = 4wGm, (5.6)

Given that we assume spherical symmetry,

dd
fi— x 4mr? = 4rGm,
dr
— ’“@ — G7m
Far = 72
— g><a:G—72n Ha < ag, & a=|d®/dr|},
ag r
G
— a = ma07 (5 7)
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where a is the gravitational field magnitude in the MOND approach. The corresponding gravitational
potential is given by ® = /Gmag In(r), where the constant of integration has been ignored as it
is equivalent to an energy offset and contributes only to an irrelevant global phase factor in the
quantum dynamics. It can be easily seen that the derived functional form of the acceleration predicts
the constancy of orbital speeds in spiral galaxies. Considering a huge mass M concentrated at the
center of a galaxy, one can equate the acceleration due to gravity with the centripetal acceleration
at a distance to get v* = GMay.

Though the MOND was designed to explain the flatness of rotation curves, it explains the Tully-
Fisher relation in rotation-supported galaxies [131], as well as the Jackson-Faber relation in pressure-
supported galaxies [132]. Such versatility has kept the MOND theory going despite its conflicts with

various laws of fundamental physics.

5.3 Gravitation between microspheres

In a recent development the Aspelmeyer group in Vienna has successfully cooled Silica microspheres
with radius ~ 75 nm down to a temperature ~ 10 uK [129]. As shown in Fig. 5.2, when such masses
are separated by a distance that is a few times their radius, the internal acceleration due to gravity is
multiple orders of magnitude smaller than the MOND critical limit. We expect MONDian effects to
dominate the gravitational coupling between these quantum particles. This should noticeably alter
the entanglement gain, and in this chapter we study the corresponding implications. The gravitational
potential energy of identical particles of mass m, separated by a distance L, can be naively written

as

V(r) =m® = m\/Gmao In(L+7), (5.8)

where r now represents the relative displacement from their initial positions. However, such a
completion violates the law of equal and opposite action and reaction: the force on mass my attracted
by mq is ~ mg,/m1 whereas that on mass m; attracted by ms is ~ mq,/mg. This issue is rectified
if one solves the full nonlinear Poisson-like equation governing the bipartite dynamics in MONDian
gravity. In the non-relativistic limit of all MOND models, the gravitational potential energy of two

identical particles of mass m is actually given by [133-135] :

V = gx/ Gayg {(ﬂh +my)3/? — m?ﬂ - mg/ﬂ In(L +r),

g(\/i — 1) my/Gmag In(L + r), : {m1 = mgo = m}. (5.9)
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FIGURE 5.2: Acceleration due to gravity between two Silica spheres of radius Ry = 75

nm separated by a distance L [129]. The dotted line at 1.2 x 1071% m/s? is the MOND

critical acceleration [123], and the one at 5 x 107!* m/s? is the minimum acceleration

down to which there is no experimental evidence for any deviation from the law of
inertia [130].

This is very different from the usual Newtonian potential, and underlies the differences in observable
quantities. Given that the potential is central, we truncate it up to the second-order in a binomial

series r/L:

T 7"2
V(r)~ g(\/ﬁ — 1) my/Gmag (m(L) + 7 - 2L2> (5.10)

In accordance with the methodology developed in the previous chapter, the resultant Gaussian

covariance matrix is (single-handedly) characterised by the parameter w. For the Newtonian gravity

it was w% = 4Gm/L?, and for MONDian potential expanded above we get

8 Gmag
2 _9° _ 1) v&mag
wl = 3(\/5 1) T (5.11)
The entanglement increases with the force gradient, and hence with w as well (w? = —2 (F}) /m).

Given the same initial state, the MONDian entanglement will be significantly larger than its
Newtonian counterpart when wy; > wpy. These can be readily equated to see that this happens
for

L > 3 Gm (5.12)

2(v2-1)\ ao

The Newtonian acceleration due to gravity is given by ay = Gm/L?, and the above condition is

(roughly) equivalent to ay < ag/10. We write the separation between the two masses in multiples

of their radius and obtain

L S V3 [mGpoRy
Ry ™ V2-1 ag

(5.13)
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FIGURE 5.3: RHS of Eq. (5.13) for Osmium and Silica. Ry is the radius of a sphere with

density po, G is the Newton’s constant, and ag is the MOND critical acceleration [123].

The shaded area is physically inaccessible as two spheres overlap each other for L < 2Rj.

In the regions above the curves MONDian entanglement is larger than the Newtonian
entanglement.

as the condition for MONDian entanglement to considerably exceed the Newtonian entanglement,
where pg = 3m /47 R} is the material density of the spheres used in the experiment. In Fig. 5.3, we
show the RHS of Eq. (5.13) for Osmium (the densest naturally occuring material) and Silica. The
configurations located well above the black and red lines are in the deep-MOND regime, which is the
case most of the time as the region shaded in grey is physically inaccessible (the two masses touch
each other for L = 2Ry). In the following section we discuss how the gain of entanglement can serve

as a tool to probe the modifications in gravity at small accelerations.

5.4 Gravitational entanglement

In Fig. 5.4 we show the entanglement between two freely falling Osmium spheres of radius Ry = 250
nm separated by a distance of L = 2.5Ry. The initial Gaussian state is prepared by cooling the
two masses in identical harmonic traps of frequency wy = 25 kHz. Note that the acceleration due to
gravity is ~ 2.5 x 10713 m/s?, which is very well in the deep MOND regime. The region shaded in
grey represents F < 0.01, where the signal is too weak to be detected with current technologies [43].
The left panel is the ideal case of T' = 0, where it can be seen that the MONDian entanglement is
much higher than what is accumulated by Newtonian gravity. This is beneficial from an experimental
point of view as the entanglement would also be detectable with noisy measurements. The Newtonian
entanglement is below detection capabilities for a short time window of 0.5 < ¢ < 1.0 seconds. The

panel on the right shows a more realistic case when the experiment is performed at a finite temperature
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FIGURE 5.4: Entanglement between two freely falling Osmium spheres of radius Ry =
250 nm separated by a distance of L = 2.5Ry. The initial Gaussian state is prepared
by cooling the two masses into thermal states of identical harmonic traps of frequency
wo = 25 kHz. t is the time, and E denotes the entanglement negativity beginning with
the thermal state covariance matrix oy, at a temperature T. The region shaded in grey
represents an entanglement negativity £ < 0.01, which is not accessible with current
technologies [43]. The orange shaded region represents all other modified gravity models
having a force gradient between the Newtonian and the MONDian limits.

of T = 0.05 uK. There is no entanglement in the Newtonian theory for 1 < t < 2 seconds, but
the MONDian gravity generates a strong detectable signal already at 1 second. Note that such
an experiment does not require entanglement quantification but only a witness: any statistically
significant detection of entanglement within a time window of 1 < ¢ < 2 seconds would indicate the
presence of MONDian gravity.

In another example in Fig. 5.5, we show a similar configuration of two freely falling Silica spheres
with Ry = 500 nm, L = 2.5Ry, and wg = 25 kHz. At T' = 0 the MONDian entanglement is detectable
for 1 <t < 2 seconds, but the Newtonian entanglement is below detection limits till ¢ = 2 seconds.
At T = 0.05 uK, the Newtonian entanglement vanishes for ¢ < 4 seconds, and any entanglement
detection within a time period of 2 < ¢ < 4 seconds would indicate the presence of MONDian gravity.
The idea is that given any configuration, the temperature can be easily adjusted such that there is a
detectable entanglement exclusively in the MONDian gravity.

One can also imagine an experiment where the two masses are kept in harmonic traps. In such a
case, the entanglement oscillates with an amplitude [see Eq. (4.54)]

w2

Ep(T) ~ max [0 5 —logy (20 + 1), (5.14)

" 21n(2)wd
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FIGURE 5.5: Same as Fig. 5.4 but for two freely falling Silica spheres with Ry = 500
nm, L = 2.5Ry, and wy = 25 kHz, i.e., the parameters from Ref. [129]. The region
shaded in grey represents an entanglement negativity £ < 0.01, which is not accessible
with current technologies [43]. The orange shaded region represents all other modified
gravity models having a force gradient between the Newtonian and the MONDjian limits.
where w = wy (wyy) for the Newtonian (MONDian) gravity, and 7 = [exp(hwo/kgT) — 1] * represents

the average phonon number at temperature T'. The two terms on the right can be equated to see that
the Newtonian entanglement vanishes completely at a critical temperature Ty = fuwgy/kp In (wg L/an),
where ay = Gm/L? is the Newtonian acceleration. The residual entanglement in the MONDian
gravity oscillates with an amplitude

(M) _ 2yanag (2 N Y
B @) = S (Gve-n - ), (5.15)

Accordingly, for temperatures T' 2 Tj, any entanglement detection would certify the onset of

MONDian effects. Note that this experiment can be performed for longer times, but the entanglement

accumulation is much less than in the freely falling configurations.

5.5 The external field effect

The MONDian law of gravity is non-linear in acceleration, violating the strong equivalence principle.
Accordingly, the internal dynamics of a system cannot be decoupled from the external gravitational
field it is placed in. This is known as the external field effect (EFE) [123]. It is proposed that the

MONDian effects will kick in only when the sum of all accelerations falls below the critical level ag,
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i.e.,

a a, |6+6x‘/a0a |6+6x‘ < ap,
ﬂ(’a""w> — ¢ ¢ (5.16)

a — -
0 1, |G + dex| > ao,

where dex is the acceleration due to all external sources of gravitation. For an experiment being
performed on the surface of the Earth, acx ~ 9.8 m/s? due to the Earth, 6.1 x 1073 m/s? from
the Sun, and 3.3 x 107> m/s? from the moon. Note that the EFE violates Einstein’s equivalence
principle [136] and has not been detected in the laboratory so far [137]. If it exists, it will inhibit all
MONDian effects on Earth, including the ones discussed here.

5.6 Summary

We have shown that the generation of position-momentum correlations between two nearby quantum
masses can be used to probe the Modified Newtonian Dynamics (MOND). We derived the conditions
under which the MONDian entanglement between two particles is much larger than its Newtonian
counterpart. It turns out that two nearby quantum masses (similar to what is being used in the
laboratory) always satisfy this criterion, thereby making the proposed experiment viable with near-
future technologies. A methodology is proposed where the temperature can be tuned such that
a simple act of entanglement witnessing certifies the departures from Newtonian gravity at small

accelerations.



Chapter 6

Summary and Outlook

6.1 Summary and conclusions

We have built a robust theoretical framework to study the entanglement dynamics of two nearby
quantum masses prepared in natural Gaussian states. Even though this thesis is focused on gravity,
all the methodologies developed are generic and versatile. They apply to arbitrary central interactions,
even when many such forces are present side by side.

In particular, Chapter 1 describes our motivation and objectives. Chapter 2 introduces methods
for the simulation of quantum mechanical time evolution. We discussed the standard tridiagonal
implementation of Cayley’s operator, a known strategy that preserves the norm of quantum states.
The highly-accurate five-point stencil was utilized to discretize the problem onto an implicit-explicit
pentadiagonal Crank-Nicolson scheme, and the resultant solutions were demonstrated to have much
higher accuracy than the standard tridiagonal ones. This will be useful where the potential is weak
and precise simulations are required to maintain accuracy on long time scales. The codes have
been made publicly available in the hope that they will find applications beyond the scope of this
thesis. We then developed a strategy to calculate the time evolution of (initially Gaussian) bipartite
states interacting with central potentials. This involved a transformation to the COM frame of
reference where we found that only certain states (prepared in identical harmonic traps) transform
as a disentangled product. For central interactions the Hamiltonian separates into the COM and the
relative degrees of freedom, which ensures that the product form is maintained at all times. Hence,
the problem is fully decoupled into two fictitious particles evolving independently of each other.

Next, in Chapter 3, we demonstrate the versatility of our methods by investigating the head-on
collision in the Rutherford experiment, with the projectile described by (realistic) localised wave
packet shot in the Coulomb potential sourced by a stationary target nucleus. Various nonclassical
effects emerge in the projectile’s average trajectory, which are traced back to the convexity properties
of the Coulomb potential. Jensen’s inequality implies that the average force on a quantum wave

packet is larger than what is experienced by a classical point particle. Consequently, the quantum
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projectile cannot approach the target as closely as its classical counterpart. We demonstrated that
there exists a notion of a ‘quantum distance of closest approach’ and provided lower and upper
bounds with a combination of theoretical and numerical analysis. We also investigated the quantum
tunneling of localised wave packets and demonstrated that the tunneling probabilities are many
orders of magnitude larger than what is obtained in the traditional plane-wave descriptions. On
the numerical side, the problems discussed in this chapter motivated us to develop a Dynamic Grid
Allocation technique, which will find applications in evolution under long-range potentials.

In Chapter 4, we developed tools to resolve the entanglement dynamics of two nearby quantum
masses coupled gravitationally. We proposed to push the masses towards each other, hoping
that an ever-increasing gravitational interaction would automatically lead to a higher accumulated
entanglement. Starting with the traditional practice of a second-order truncation of the quantum
Newtonian potential, we exactly solved the Ehrenfest’s differential equations for the COM and the
reduced mass. This resulted in an exact closed formulation for the covariance matrix. We found
that the covariance matrix, and the hence entanglement, is completely insensitive to any relative
motion between the two spheres. This was indigestible in the beginning as it implies the same gain in
correlations when two particles move towards (or, for that matter, away from) each other. Howsoever
counter-intuitive, extensive numerical simulations and rigorous symbolic calculations confirmed this.
We thereafter investigated the non-Gaussian dynamics triggered by cubic and higher-order potentials.
The covariance matrix is unfaithful in non-Gaussian states, and the correlation dynamics could not
be approximated with any existing framework. We took a step back and wrote the bipartite wave
as a product in the COM frame, where the COM is evolved analytically with Fourier techniques,
and the reduced mass was evolved with the improved Cayley’s propagator. This was followed by
a Schmidt decomposition of the bipartite wave function with the help of the algorithms in Google
TensorNetwork. Only in this non-Gaussian regime was the entanglement sensitive to the relative
motion. With a foundational perspective we demonstrated that the force gradient across the reduced
mass wave packet is the dominant driver of position-momentum correlations. The entanglement was
found to be amplified in the same way as the force gradient. This observation led us to the closed-form
expressions for the non-Gaussian entanglement mediated by arbitrary central interactions expanded
to any order. In practice, it will be difficult to screen all interactions but gravity, e.g., Casimir could
be present side by side. With this in mind, we developed tools to quantify the entanglement mediated
by multiple central forces acting simultaneously.

Lastly, in Chapter 5, we have shown that the generation of position-momentum correlations
between two nearby quantum masses can be used to probe the Modified Newtonian Dynamics

(MOND), a candidate explanation of dark matter effects, which proposes to modify Newton’s second
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law and/or the gravitational force law for tiny accelerations. We derived the conditions under which
the MONDian entanglement between two mesospheres is much larger than its Newtonian counterpart.
Two nearby quantum masses (similar to what is being used in the laboratory) always satisfy
this criterion, which means that the proposed experiment is viable with near-future technologies.
Entanglement is easy to witness but difficult to quantify. With this in mind, we demonstrated
how the temperature can be fine-tuned such that a simple act of entanglement witnessing certifies

departures from Newtonian gravity.

6.2 Applications and future work

6.2.1 Projectile-target entanglement in Rutherford experiment

Given that the methodologies for entanglement quantification are very generic, one can now step
back and estimate the Coulomb-mediated entanglement in low-energy nuclear collisions [138]. The
parameter characterising the Gaussian covariance matrix for the potential truncated at the second

order is given by
4 ahce
2 _ 192 7 (6.1)

e2mL3
where g1 and ¢o are the charges on the projectile and the target, respectively, and L is their
initial separation. Note here the Coulomb force is repulsive, and hence in the covariance matrix

in Egs. (4.17) — (4.22), one has to replace w with iw to arrive at

oo = n -2 +wit? — [ 1 - w—% sin?(wt) (6.2)
dmwy I 0 w? ’
o wg .
g0z = dmwg _W8t2 " (1 - 603) Sln2(Wt)] 7 (0
mhwo [ CUQ .. 92
o = 1 2 — (1 - w%) sin (wt)], (6.4)
A 2
o3 = mhcko (1 = w2) sin?(wt), (6.5)
4 wp
- h{z t+(w0—w> in(2 t)} (6.6)
oyl = 3 wo w w0 S 2w 5 .

Considering an example of two bare nuclei of }%Au separated by a distance of L = 1 m, we get

w ~ 10?0 s71. Accordingly, the entanglement has a highly-oscillatory component with a period of
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FIGURE 6.1: Coulomb-mediated gain of entanglement between two bare 136Au nuclei

separated by a distance of 1 m and initially prepared in Gaussian states of width 1 nm.
S(pa) is the entanglement entropy, and ¢ denotes the time.

~ 10720 5, which can be easily averaged out to get

hol 9,0 1 wg
= 2 t*——-11—— 6.8
700 dmug | R 2 ( w2 )|’ (6.8)
hol 9,0 1 w%
= t —1-— 6.9
702 dmuwyg _wo * 2 ( w2 ]|’ (6.9)
mhwg [ 1 w?
= 2——1—-— 1
i 4 2( w%)]’ (6.10)
mhwg w?
— 1— 2 6.11
J13 ] ( wg)v ( )
1
ool — Zhwot. (6.12)
1
gp3 — Zhw()t. (6.13)

In Fig. 6.1, we assume ¢ = 1 nm and show a huge amount of Gaussian entanglement is generated
in a microsecond. The same can now be extrapolated for the momentum dependence (projectile and
target colliding with each other) by using Eq. (4.26). The contribution of the cubic order term of the
potential is quantified by e3 = —3 (#) /L, where (7) is to be calculated by solving the transcendental
Eq. (3.9).

6.2.2 Concrete scheme to measure the entanglement

Gravity is weak, and hence it generates only a small amount of entanglement. Accordingly, the
detection step is a demanding part of the considered setup. This thesis is focussed only on

entanglement generation and not on its detection. In future, we would like to develop a concrete
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scheme to measure all entries of the covariance matrix experimentally. We aim to take cues and build

upon various existing strategies, e.g.,

o Palomaki et al. Science 342, 710 (2013) [43]

The covariance matrix is here reconstructed for a mechanical oscillator coupled to a microwave
field. The basic idea is to swap the state of the mechanical mode onto the field and measure the
elements of the covariance matrix between the two field modes. In principle, the same concept

could work for the two masses considered in this thesis.

o D’Angelo et al. Journal of Modern Optics 53, 16 (2006) [139]

Another possibility would be to reconstruct the Wigner function of the quantum state. Here it

is done for two-mode optical fields via homodyne measurements.

Our results can be easily re-formulated in this language. For a two-mode thermal Gaussian state
represented by a vector operator 4 = (Z4,pa, @B,ﬁB)T and covariance matrix oy, = (2n+ 1)o,

the Wigner function is given by [140]:

= ! Ya— @) ot (a— (@
W= Grrbare O |5l ) en! - (@)

1
(2m)2/(27 + 1)2 Det(o)  © {_2(2n )

(@~ (@) o™ (@ @)]. (610

Note that the purity of bipartite state at zero-temperature implies Det(o) = (h/2)* [141], and

hence the exact closed form for the two-mode Wigner function is

W= 7r2h2(21n+1)2 xp [‘Q(Qnm(@ — (@)’ ot (- <ﬁ>)], (6.15)

where the covariance matrix o is already calculated in Secs. 4.3 and 4.8.

o Krisnanda et al. Physical Review D 107, 086014 (2023) [115]

This methodology is inspired by quantum neural networks. The notable point is that the

predicted entanglement sensitivity (for logarithmic negativity) is 1074

6.2.3 Entanglement witnessing with minimum measurements

For entanglement quantification, one needs to measure in LAB ten entries in the covariance matrix.
However, for entanglement witnessing we need much less. For a two-mode state of particles A and
B, there are only four correlated measurements between x4 + xp and p4 + pp. The entangled state

will be unphysical under a partial transposition, and hence we only need to work out which of the
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four correlated measurements will subsequently violate Heisenberg’s uncertainty relation. The same
would be sufficient to witness the generation of entanglement in the considered setup. Such a scheme
would be useful from the perspective of Chapter 5, where the whole idea of certifying MONDian

effects is built around entanglement witnessing.

6.2.4 Entanglement dynamics in quantum reference frames

The Galilean principle of relativity inspired the development of Newtonian mechanics, which
stimulated the industrial revolution during the 18th and 19th centuries. The Lorentz transformations
are at the heart of Einstein’s special theory of relativity, which helped develop the highly-accurate
Global Positioning System (GPS). In this thesis in Sec. 4.11, we utilized the ideas of Galilean
transformations to argue that a moving COM does not generate any correlation whatsoever.
Moreover, this implies that the individual momenta of the two particles can be tweaked per
experimental convenience as long as the relative motion is not affected. The lesson is that classical
reference frame transformations have contributed a lot to our understanding of the world. They
simplified various complexities in our theoretical and mathematical endeavors and revealed various
natural phenomena that we harness today. Given that we more or less understand how a quantum
superposition looks from our point of view, it is long due that we work out how the world looks
from the point of view of a delocalised quantum particle. Therefore, the logical step forward is the
conceptual development of Quantum Reference Frame (QRF) transformations [142-146], followed
by a re-formulation of physical laws that are invariant under these transformations [147]. Despite
extensive research, a consistent QRF description is still under debate.

One of the interesting outcomes in the framework of Ref. [147] is that a separable state from
our point of view can be entangled from the perspective of a quantum particle. Assuming that two
particles A and B are prepared in identical Gaussian wave packets, the initial tripartite wave function

as seen from a classical localised frame C' is
U~ §(xe) exp (—mi) exp (—:J:QB) (6.16)

We can jump onto particle A by applying the unitary Sy = Pac exp(iZApp), where Pac is the parity

and swap operator satisfying Pac 4 (x) = Yo(—z):

W = 5,0~ Pug exp(idapp) d(zc) exp (—2%) exp (—2%)
= Pac 8(zc) exp (itapp) exp (_37124) exp (_sz)

= Pac §(zc) exp (—3,324) exp {—(JUB + LUA)2}
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— dea) exp (<) exp [~(on a0V

~ 0(xa) exp (—xQB) exp (—x%) exp (rpxc). (6.17)

Note the coupling term containing xpxc. We plan to adopt to the QRFs and resolve the corresponding
gravitational entanglement dynamics. Along the way, we aim to contribute to bring consistencies in
QRF transformations with various thought experiments. In particular, one can consider the free
evolution of a single particle Gaussian wave packet of width o corresponding to particle A. From the

perspective of a localised frame C' we have

©) 1 % ~) _ Pa
o2 o ma

The unitary for jumping onto the particle A is now S, = 75AC, which implies

N 1 x2 N A A A P2
VA = 80 = §(24) ——= exp (-5 |,  HW=8HDS = (6.19)
oV 2w

Recall that for a free Hamiltonian H = $?/2m, the rate of wave packet expansion is characterised by
a frequency wo = h/2mo?. Given the mass has changed during a QRF transformation between A and
C, the characteristic frequency also changes. The rate of wave packet expansion is now (unexpectedly)
different in the two inertial frames of reference. Proper research is required to bring consistency such

that the mass of the classical frame C is rendered irrelevant after an inverse transformation.






Appendix A

Statistical Transformation of a

Two-Mode Gaussian State

Here we derive the condition for a two-mode Gaussian state in the LAB frame to transform into
a two-mode Gaussian state in the COM frame. We stress that we are focused on the minimum

uncertainty wavepackets, i.e., the ones which minimise the Heisenberg’s uncertainty:
h
Ar 4 Aps = AxgApp = 5 (A1)

The generalised inverse coordinate transformations to the COM frame read

maxTA +mprp MAPB — MBPA
= , r=xp— A, P=ps+p5, p= .
m4 +mp ma+mp

(A.2)

If we assume that the position spreads as Azs = 04 and Az = op, the spreads in momenta would
be Aps = h/204, and App = h/20p. Hence, the statistical uncertainties in the COM and the

reduced mass are given by

2 2
AR? = <mA )Ax?4+(m3 )AmQB,

ma +mp ma +mp
2 2
_ <mA> o2 + <mB> o2
ma+mp mg + mp
_ (4o} + mho) "
(ma+mp)2 '
Ar? = Az%+ Az =0} + 0%, (A.4)
K2 h2 h? (0% + o2
AP? = AR+ ApL=—st+—y=—|A"_B A5
D4 + App 40124 + 40_2B 4 0-,240-28 ) ( )

2 2
ma mpg
Ap? = <>A2+<>A2
P ma+mp PB ma+mp Pa
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Appendix A. Statistical Transformation of a Two-Mode Gaussian State

ma 2 p2 mp 2 K2
= 7 T 2
ma+mp/) 40p ma+mp/ 404
_ I (mach + mpop) (A.6)
4 (ma+mp)?050%

which imply that the Heisenberg uncertainties are

B2 (mhoh + mpop) (o4 + op)

A7
4 (ma + mB)zaia]Qg (A7)

AR’AP? = Ar?Ap? =

For the COM and the reduced mass to be both in minimum uncertainty Gaussian wave packets, we

must satisfy

el

(mZAoi + mQBa%) (0124 + 023) = (ma +mp)2c50%

m4o% + mBoh + (M4 +m%)o4os = (m% +m% 4+ 2mamp)oioy
miaj + mZBUfB — QmAmBU%U% =0

(maoh)? + (mpo)? —2(mac’)(mpog) =0

(mac’ —mpog)? =0

mAaE‘ :mBJQB, (A.8)

which is the same expression we got algebraically in Chapter 2.



Appendix B

Ehrenfest’s Dynamics in COM Frame

The Ehrenfest’s theorem relates the time derivative of the expectation value of an operator A to the

expectation of its commutator with the Hamiltonian H [65]:

=5 (5) ®

In this appendix, we derive the analytical solutions for the statistical moments of the COM and the
reduced mass in the setup discussed in Chapter 4, i.e., for the case of two identical particles of mass

m gravitating each other while in free fall:

A o= fp+ A,

P2 ~2 N  1\n
= <P> + (Z;n — imwQ Z (Lnl_)2 f"), (B.2)

where H r and H, are the Hamiltonians for the COM and the reduced mass, respectively, and w? =

4Gm /L3 is assumed for later convenience.

B.1 Free evolution of the COM

The COM Hamiltonian is

. p?
Hp=— B.3
R (B.3)
and hence the corresponding Ehrenfest’s equations for the relevant moments are
d /a 1 A ag 1 /4
a\B) = mmlBP])=5-(P). (B4)

d /- 1 A A
£<P> - 4mm<{P’PQ}>:O’ (B.5)
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C(RPyPRY = o ([RP+PRPY) = (P?), (B.6)
d /4 1 PN 1 Jan
@) = g (B P°]) = 5 (BP+ PR). (B.7)
d 1 (o a
i) = P P]) =0 B8
The initial state (at ¢ = 0) is characterized by [see Fig. 4.2 or Eq. (4.4)]
(RY=0. (Py=0, (RP+PR)=0, (R2)= 1ot (P*)= 1 B.9)
and the exact solutions to the Ehrenfest’s differential equations imply
(R) =0, (P) =0, (RP+PR) = hnt, () = Lo +), (P)= 1 (mao)

Alternatively, one arrives at the exact same results by utilising the functional form of the time-

dependent wave function [46]:

R,t) = = i B.11
Y e A W R o

where wg = i/2mo? is the frequency of harmonic traps used to prepare the two particles in initial

Gaussian states of width o.

B.2 Evolution of the reduced mass

The reduced mass Hamiltonian can be represented by a binomial series, Eq. (4.10). For N = 2, i.e.,
a quadratic Hamiltonian,

N |
=2 — ome? (L% = Li +72), (B.12)

m 4

the Ehrenfest’s equations for the first two statistical moments are

(D) ; (B.13)



Appendix B. Ehrenfest’s Dynamics in COM Frame 87
d , . 1 . .9 mw? . . A9
20 = —([p.9*]) - = (~L 1)+ {[p.7]))
1
= —meQL + imw2 (7), (B.14)
d .. .. B 1 o 9 mw? N R .
G D) = <{r + PP, P D I (— ([Pp+ PP, 7]) + <[7“p+p7",
_ 40 [ 2 /42
- () g () o
£0) = sl 2 o)+ ()
dt mih ’ 4ih ’ ’
2
2 s s B.16
— D+ pr), (B.16)
dyon _ 1 OIS mw? FORIN RPN
dt<p> B m@h<{ ’ } B 4k <_L {p,r}>+<{p,r}>)
1 1
= §mw2 (PP + pr) — imw2L (p) (B.17)
The initial state (at ¢ = 0) is characterized by [see Fig. 4.2 or Eq. (4.5)]
N A A A A A ~2 2 A2 h2
<T>_O7 <p>: ’ (Tp+pT>:07 < >:2U ) < >:@7 (B]'S)
and the exact solutions for the Ehrenfest’s differential equations imply
1 2
(r)y = iL(l - cosh(wt)) - % sinh(wt), (B.19)
1
(py = —pocosh(wt) — meL sinh(wt), (B.20)
1
(fp+pr) = Lpo ( cosh(2wt) — cosh(wt)) + gmeZ ( sinh(2wt) — 2 sinh(wt))
+l 2+ h—Z + 1m2w20'2 sinh (2wt) (B.21)
mw 8o2 2 ’
1
<f2> = 202(1 + sinhQ(wt)) + §L2 (3 + cosh(2wt) — 4cosh(wt))
LpO . . 4 2 hz 1.2
+m(smh(2wt) -2 smh(wt)) + ) <p0 + 302 sinh*(wt), (B.22)
2 o M 2 1
<]§ > = |(pi+ 352 (1 + sinh (wt)) + meLpo sinh (2wt)
1 1
+-m%w? (202 + 4L2> sinh?(wt). (B.23)

4






Appendix C

Quantification of Bipartite

Entanglement

We have employed the formalism based on the covariance matrix to quantify entanglement gain
via logarithmic negativity, and additionally used the density matrix to compute the von Neumann

entropy of entanglement.

C.1 Bipartite covariance matrix

The covariance matrix formalism is based on the first two statistical moments of a quantum state.
Given a bipartite system AB with @& = (24,4, %5,P5)", the covariance matrix is defined as [104-
106]:

L. . N

(C.1)
2 ,YT ﬂ

Q
<
ol
|
I
S
<S
<
el
+
<
ol
>
<
|
)
S
S
T
Q
|

where a(f3) contains the local mode correlation for A(B), and -« describes the intermodal correlation.
In our setting the two masses are identical, which leads to the following inverse coordinate
transformations between the LAB and the COM frames

L e =L W (C2)

va(en) = R—() .

|3

Accordingly, the symmetric covariance matrix can be derived as
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o111

002

13

01

003

pi

<(—p) )-(5-)

= ()= (") + ((#) - )

5 (@

N | =

= ZAP2 + Ap?,

TATp +TpTa) — (Ta) (TR

)

2 ((#3) () + (A3)(

= ({7) = (&)") - 5((7) - ?)

— AR~ A,

4

<pApB + PBPA) —

(A

=3 ((P) - (7)) - ()
- %AP2 — Ap?
% (Tapa +pata) — (Ta) (Pa)

L.
5

|
_l_
3>
N——
/N
l\D"‘U>
|
=
N————
\/
|
T
v | Ny

D)o

2><R+z>

(C.5)

(C.6)

(C.7)
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o0 = (ih) - (@5) = () - (24)" = o0, (C.9)
o33 = <ﬁ2B>_<ﬁB>25<ﬁ,24>_<ﬁA>2:0'117 (C.10)
1. . A . N A N .
23 — 3 BFB BLB) — B B — & APA AL A) — A A) — 001, .
o 5 (@505 + Ppin) (ZB) (PB) 2<wp +Pata) —(Ta)(Pa) =0 (C.11)
1, . o R R 1, A R R
012 = SA\PATB T IBPA) — \PA)\TB) = 5 \TAPB T PBTA) — \TA)\PB) = 003- ‘
5 { + ) — (Pa) (TB) = 5 ( + ) — (%a) (DB) (C.12)

The same results are concisely written together in Chapter 4 in Eqgs. (4.14), (4.15), and (4.16).

C.2 Logarithmic negativity

The Negativity of the partially transposed density matrix is a necessary and sufficient condition
for entanglement in two—mode Gaussian states [148]. As a result of the partial transposition, the
covariance matrix is transformed to &, which differs from o by a sign-flip of Det(vy) [106]. The

symplectic eigenvalues of & are given by:

vy = \/i(o’) + \/22(0') —4 Det(a)/\/i (C.13)

where (o) = Det(a) 4+ Det(8) — 2 Det (). The gain of entanglement is quantified by the minimum

symplectic eigenvalue through logarithmic negativity:

E(o) = max l(), —log, (7:/2)] (C.14)

C.3 Entropy of entanglement

For a pure bipartite system described by a density matrix pap, the entanglement entropy is defined
as the von Neumann entropy for any one of the subsystems, e.g., S(pa) = —Tr[palogy(pa)], where
pa =Trp (pap) is the reduced density matrix for subsystem A. In order to calculate S(p4) we start

with the two-body wave function of Eq. (2.45):

5 J) Y(zp — wa,t), (C.15)
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where ¢ is derived analytically in Eq. (B.11), and 9 is calculated numerically by implementing the
improved Cayley’s propagator [55, 57]. Once this is available for a given time ¢, we perform a singular

value decomposition [149, 150]:
U(zag,2p,t) = Z /A (t) Xg-A)(xA,t) Xg-B)(:xB,t), (C.16)
J

where {Xg-A)} and {XE»B)} are orthonormal states in subsystems A and B, respectively, and

{\;} are the Schmidt coefficients. A numerical implementation utilizes the algorithms in Google

TensorNetwork [151-153]. Note that we dynamically increase the number of Schmidt coefficients

until the norm is preserved within an error of 10~7. With this decomposition,
S(pa) = — 3" Ay loga (). (C.17)
J

In the case of a Gaussian evolution, S(p4) is calculable using the covariance matrix [141]:

S(pa) = £ (/Detl@)). (C.18)

f(z) = (a:—i— ;) log, (aH— ;) - (x— ;) logy (w— ;) (C.19)

where



Appendix D

Thermal Equilibrium of a Simple

Harmonic Oscillator

Thermal states are the states of a system in equilibrium with a thermal reservoir:
o
Pih = Y pn|n)nl, (D.1)
n=0

where p,, is the probability of the eigenstate |n) of the system’s energy operator. In this work, we
consider the initial state is prepared by cooling the particles inside harmonic traps of frequency wg

the trap frequency, and hence the Hamiltonian is

P21
H= -+ §mw§fcz. (D.2)

The corresponding eigenstates are characterized by energies €, = (n + %) hwg, with the corresponding

eigenfunctions given by:

1 2

—— exp <4“;2> Hn<af@> (D.3)

where o = \/h/2mwy is the position spread in the ground state, and H,, is the Hermite polynomial

of n'® order. In the language of second quantization, the Hamiltonian is written as
. i
H=\(aa+ B huwy, (D.4)

where the ladder operators are defined by

N [mwo (. . D At mwo (., . P
=4/ — e =4/ — —1— . D5
a o (x—i—zmwO), a o (x me()) ( )
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These two operators do not commute, instead {&, dq =1, and satisfy
aln) =+/nin—1), alln) =vn+1|n+1). (D.6)
Consequently, afa is called the number operator:

(nlaTaln) = (n|a'v/n|n — 1) = vn (n|a' |n — 1) = n. (D.7)

D.1 Partition function and phonon number

The density matrix of the thermal state is py, = e—BH /Z, with the partition function given by

R oo
Z:Tr(e_ﬂH> = Z (nle” ﬂH\n

n=0

o

= el 3 nfe )
n=0
oo

_ efﬁhw0/2 Z <n‘efnﬁhwo|n>
n=0

o0
= Phwo/2 3 gmnfln

1
_ —ﬂfMQ/Q
= € X 71 — o—Bhwo

eBhwo/2
Phao —1° (D.8)

The average phonon number is

1 > L
n=Tr(ala p) = e 023 (njatae o)
n=0
1 oo
= Ze—ﬂmom Z <n|ne—n5m0’n>
n=0

1 s / EOO: B
— —Bhwq /2 —nBhwo
Z@ ne

0
_ le—ﬂﬁwo/Z e—ﬁhwo Z ne—(n—l)ﬂﬁwo
Z n=1
_ L shwe/2 B %
Z (1 — e*ﬁhwo)
1
efhwo — 17



Appendix D. Thermal Equilibrium of a Simple Harmonic Oscillator 95

This implies e#"0 = (n 4 1)/n, which allows us to express the density matrix as

. 1 — e=Bhwo
Pn=7¢ " T Thhw <€

1— e—ﬁmo)e—ﬁhwodTa

(
= (1 — e /e e hwonta fj n)nl, {i [n)n| = ﬁ},
(

—ﬁhwo/Ze—Bhwo&T&

o0

- 7;) TSy +”1)n+1 In)n|. (D.10)

D.2 Covariance matrix and entanglement negativity

D.2.1 Ground state

Consider the case of T = 0, i.e., a particle prepared in the ground state |0). The position and

momentum operators can be written in terms of the ladder operators as

P (a"+a) = o(al +a), p=i mmo(&*-a)z@(ata) (D.11)

The harmonic oscillator is centered at the origin, i.e., () = 0, (p) = 0. Hence, the variances and the

correlation are

Az? = (0]2%|0) = o*(0|(af +a)(a’ +a)0)

= (0] (2ata+1)|0), {|a.af] =1},
= o2, (D.12)
AR = O = oy (ol(af —a) (4"~ a))
- Koo, {faal] - 1),
h2
= (D.13)
Cov(z,p) = 5 01(ED +pB)|0) = 5 (Olpl0) — o {[2.4] = ih},



96 Appendix D. Thermal Equilibrium of a Simple Harmonic Oscillator

= 0, H{la.al] =1}, (D.14)
If this system describes the local modes in the bipartite covariance matrix of Appendix C,

o2 0 a 0
o= , = o= . (D.15)
0 h?%/40? 0 «

D.2.2 Thermal state

The variances and the correlation for the mixed thermal state are

Az? = Te(2% pu) = 02;:‘; (n+”1)n+1 (n|(a’ +a)(a' +a)n)
— 027;) G +";n+1 <n\(2aTa+ﬂ)\n>, {[a aT} — ]1},
= o2 Tr[(QATEL + ]Al> Pth}
= (2n+1)0%, (D.16)
Ap? = Te(§? pu) = —f;:oo e ol (6 =) (4 =) )
2 X =T
- o 3 e (et )i {[aar] =1},
= om](afa+ 1) ju)
2
= (2ﬁ+1)%, (D.17)
Cov(e,p) = 5 T(@p+93) pal = Te(ih ju) — 5 Alag] = in),
= (;Z) go (@ +n:)n+1 (n| (aT + a) (GT - a) In) — ?
RS an o h
- 3 ,;) (i +n1)”+1 (nl[a.m) - 5
= Prv(pu) -2 Afa.at] =1,
= 0. (D.18)
Hence, the corresponding local mode ayy, is
S S 0 — (2741 0L (271 + 1)a. (D.19)

0 (27 + 1)h? /402 0 h%/40?
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Accordingly, the covariance matrix for thermal state with identical local modes is

oy, 0 2n+ 1o 0 ~ a 0 ~
own(0) = = =(2n+1) =(2n+1)o(0). (D.20)
0 oun 0 2n+1)a 0 «
Compared to the ground state o(0), this is only multiplied by a temperature dependent factor of
2n 4+ 1. At low pressures the environmental impacts can be ignored, and this form is maintained
approximately at all times [38]: o, ~ (2n + 1)o, Vt, where oy, is the covariance matrix of a state

at time ¢ that begins evolution as a thermal state and similarly for . The symplectic eigenvalues of

the partially transposed matrix &, are [104, 105]

o = \/crth V2 (o) 4Det(o-th)/\/§. (D.21)

We can substitute Det(oy,) = (272 + 1)* Det(o) and S(oy,) = (27 4+ 1)2 3(o) to see that l/(th) =

(2n + 1)D%. Accordingly, the entanglement negativity of the state evolved from a thermal state is

related to that evolved from the zero-temperature ground state by

_(th)

E(ot,) = max [O, —log, (I%_/Q)l = max [O, E(o) — logy(2n + 1)} (D.22)

D.3 Probability density functions

In the position representation the thermal density matrix is given by
o0 n"

pula) = (alpale) = 3 =@ (faln) = ()

:0
1 & n" 1 x? T
= —— | H?(—=). D.23
o /27r Z n+ 1)n+1 anpl eXp ( 202) n(aﬁ) ( )

We can now utilize the Mehler’s formula,

T (12)+] (D.24)
e T) = ———= exp |— x|, :

n=0 2nnl " 1-— J}% L+ 20

to sum up the infinite series in the density matrix as
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1 1
o(n+1)v2r 1_(L)2

n+1

1 22
oV T Ivar (‘2<2n + 1>a2>' P

In the momentum space we can use the Fourier eigenfunctions,

30 = tplmy = —— =" exp<— P >H< r ) D.26)
Jomva iz O\ ) P\ )

and derive
pen(p) = (plpwlp) = gﬁ&ﬂ‘@(p)ﬁ {(pln) = Ga(p) },
G 1);% h/20 ni) <n i 1>n2nln! exp<_h?1/9;'2> Hn <h/r]:\/§>
- m\l/% w2 O <—2(2ﬁ +ih2/402>. (D.27)

This proves that thermal states are Gaussian, with their position and momentum variances are
amplified by a factor of 2n + 1 as compared to the ground state.
D.4 Wigner function

In a more formal way, the Gaussianity of thermal states can be proved by showing Gaussianity of

their corresponding Wigner function:

I T AP Y\ —ipy/h
Win(z,p) = %/_OO dy <f13—2 Pth 93—2>€
— n" 1 [t y y\
_ v d _d g ipy/h
go(wl)nﬂwh/-oo Y <”“" 2‘"><”“2>6
_ - n" L[re CAWE Y\ —ipy/n
oo T_ln

where W, (x, p) is the Wigner function of the eigenstate v,,. This is given by

1 +oo * —1 L
Wh(z,p) = %/_ dy %(rt—g) wn(wg) e~ pu/h
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1 oo a® + (y/2)? <w—y/2> (x+y/2> ;
- - [y _TEWER g, H, ~ipy/h
2nplrho/ 2w Loo yexp ( 202 o2 o2 ‘

_1\n xz 2 $2 2
= ( 71—171) exp [—; <02 + 1325402>‘| L, <02 + 7”121;402)7 : {Ref. [154]}, (D.29)

where L,, is the Laguerre polynomial of n'® order. Hence,

1

1/ 22 p o0 TN 22 P2
— ep |- (E _ Lo % . (D.
mh(n+1) P l 2 <U2 * 77?/402)] 7;%( n+ 1) <02 * h? /402 (D-30)

One can use the generating function of the Laguerre polynomials,

Wth(wap) =

s 1 tz
"Ly (2) = —— exp| — : D.31
3 ) = g e( ) (D31)

to rewrite the Wigner function as

1 1 (2> P>
Win(z,p) = D) exp l‘(g"' 2)

1 2 p2
~ Theant+1) P [_2(271 +1) <02 * h2/402>]
ptn(z) P (p)- (D.32)

The same result can be derived much more easily by using the relation between the Wigner function
and the covariance matrix [140]. The absence of a xp coupling term implies that the thermal state

of a harmonic oscillator is an ‘uncorrelated’ Gaussian.
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