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ABSTRACT 

 

  In quantum information technologies, qubits represent the basic unit of information. 

Weak quantum signals require amplification, but the no-cloning theorem limits this 

process, characterised by the Haus-Caves limit in quantum optics. This thesis explores 

using a quantum reservoir processor (QRP), a type of quantum neural network, to 

simulate quantum-limited amplifiers combining the strengths of neural networks and 

quantum technologies to offer simplicity and versatility. The research demonstrates 

that QRPs can simulate unitary transformations and general quantum channels, and 

can implement quantum amplification efficiently, though the current gain is heavily 

limited.  
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CHAPTER 1 

 

INTRODUCTION 

 

  In quantum information technologies, the basic unit of information is a quantum bit 

or a qubit. In some situations, the quantum signal is too weak and hence it is crucial to 

make the signal stronger, say for transmission along long channels. The no-cloning 

theorem forbids the exact copying of quantum states and sets limits to how well the 

signal can be amplified  [1]. The corresponding constraints are well known in the field 

of quantum optics under the name of the Haus-Caves limit  [2], but an actual device 

achieving this limit has not yet been built. Some experimentalist have examined that 

the upper bound on the total system noise of their device under real operating 

conditions is three times the quantum limit, by using a newly developed noise source, 

they achieved a power gain amplification of at least 40 dB [3]. Some quantum circuit 

experiments have been implemented and the analysis was drawn by compared the 

experiment with theoretical result, they presented a novel class of quantum-limited 

amplifiers which operate effectively detuned from any instability  [4]. Furthermore, a 

way to measure phase information in any incoming resource state by using Quantum 

Neuromorphic Platform have been proposed in Ref  [5]. The basic idea of the present 

thesis is to use a particular information processor appearing in the field of quantum 

artificial intelligence to simulate the actions of the quantum-limited amplifiers and in 

this way pave the way toward a physical amplifying device. 

  The platform to be considered here is called quantum reservoir processor  [6] and it 

is a special kind of a quantum neural network (QNN). In general, QNNs represent 

novel technological advancements that amalgamate the characteristics of artificial 

neural networks with quantum information technologies  [7–9]. Artificial neural 

networks are computational systems inspired by biological processes, capable of 

learning from examples to execute intricate tasks, particularly in the realms of "big 

data"  [10–12] machine learning. On the other hand, quantum information technologies 

harness quantum phenomena for practical purposes such as quantum computation, 

quantum cryptography, and long-distance quantum communications. The advantages 
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of quantum reservoir processor (QRP) include its conceptual simplicity  [13], where 

instead of multi-layered optimization of parameters in typical neural networks QRP is 

optimized over only a single layer, and universality, where a single QRP device is 

capable of making multiple measurements, preparing various quantum states or 

performing computations. 

  In reservoir processing, a randomly connected network known as the reservoir serves 

as a dynamical processing unit, into which an input signal is fed. Only the readout 

weights are trained in the QRP, which map the outcomes of simple measurements on 

the nodes of the reservoir to the desired output in a linear way. Despite its simplicity, 

the device is theoretically predicted to be versatile, good for hardware implementation, 

and has already been frequently used for tasks in the classical domain. These include 

but are not limited to predicting the time evolution of nonlinear dynamics and features 

of chaotic systems. All these make QRP an ideal candidate for simulations and 

hardware implementations of quantum amplifiers. 

  Summing up, the research objective of this project is to explore the feasibility of QRP 

for the realization of quantum-limited amplifiers. In the following chapters, the theory 

of the quantum amplifier will be first reviewed and its overall operation from input to 

output will be clarified. In particular, the description of the amplifier will be presented 

in terms of quantum channels and Kraus operators. The framework of QRP will then 

be developed and it will be shown how can it learn and simulate several unitary 

transformations (with just one Kraus operator), quantum channels (with two Kraus 

operators), and finally a quantum amplifier. It is found that the QRP is capable of 

learning any unitary transformation on a qubit and any quantum channel on a qubit 

with high efficiency. In the end, it will be shown that the QRP can implement a 

quantum amplifying process but its gain is for the moment limited.  
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CHAPTER 2 

 

LITERATURE REVIEW 

 

2.1 Quantum Reservoir Processing 

  As indicated in the introduction, quantum reservoir processing (QRP) is a versatile 

tool that will be used in the present project. All QRPs have the same structure, which 

is illustrated in Fig. 2.1, originally presented in Ref. [14]. The core of QRP is a network 

of quantum nodes (called the reservoir or QN) that are linked through random 

interactions, i.e., the couplings are chosen at random and then fixed. This is an 

advantage because in many practical quantum networks, the couplings cannot be 

controlled during fabrication, e.g., the coupling between quantum dots depends on 

their distance, but the latter is hard to control in an experiment. The QN is then 

prepared once and for all, and we do not interfere with its inner dynamics other than 

pumping the whole reservoir with coherent or incoherent radiation denoted as P in the 

figure.  

Figure 2.1 A strategy for quantum computing relies on a quantum network, comprised of interconnected 

nodes represented by black circles. These nodes are stimulated with coherent excitation denoted as P 

(depicted by a blue arrow). The qubits, labeled as 𝑞𝑘 where 𝑘 ranges from 1 to the total number of qubits, 

serve as the computational units. Quantum operations on these qubits occur by linking them through the 

quantum network. The connections between qubits and the network, represented by 𝐽𝑘𝑙  where 𝑙 ranges 

from 1 to the total number of network sites 𝑁, form a control layer of tunnelling amplitudes. The varying 

colors of qubits signify different optimization. Figure from Ref.[12] . 
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   The QN is linked to a set of computational qubits where quantum processing takes 

place. The optimization is permitted only for the coupling strengths between the QN 

and the computational qubits. Let’s give more details about the QRP model. It is 

assumed that the nodes in QN are two-level quantum systems coupled through 

quantum tunnelling with arbitrary weights and excited with a classical field. The 

Hamiltonian is then defined as 

  (2.1) 

where the operators 𝑎𝑛𝑑𝑎𝑙
†
and 𝑎𝑙 represent the raising and lowering operators of a 

two-level system in the lth node. Specifically, they are expressed by , 

where and  are the ground and excited states respectively of the system with 

index 𝑙. The quantities 𝐾𝑙𝑙′  and 𝐸𝑙  represent nearest-neighbour hopping amplitudes 

and site-dependent energies. They are chosen randomly within the intervals  and  

 with suitably chosen 𝐸0 and 𝐾0. The final term in Eq. (2.1) accounts for the 

influence of a classical field. For simplicity, a uniform driving is assumed, meaning 

𝑃𝑙 = 𝑃 for all sites. All computations are carried out with an open boundary condition, 

indicating a finite lattice without periodicity, for the quantum network Hamiltonian. 

  The QN interacts with a set of computational qubits via the coupling weights 𝐽𝑘𝑙 , and 

the usual hopping Hamiltonian 

  (2.2) 

 

where 𝑘
± =  𝑘

𝑥 ± 𝑖 𝑘
𝑦

 with 𝑘
𝑥  and 𝑘

𝑦
 being the Pauli-X and Y operators for the 

computational qubit 𝑞𝑘 . It is worth mentioning that all the interactions between 

computational qubits occur not directly, but through QN, by adjusting the tunnelling 

amplitudes 𝐽𝑘𝑙 for specified times 𝜏. 

  This and similar QRPs have already been shown to be able to estimate the amount of 

quantum entanglement and other nonlinear functions of the input state  [15], perform 

quantum state tomography [14], prepare interesting quantum states  [16], perform few-

qubit quantum computing  , and provide metrologically advantages [17]. In particular, 

the setup in Fig. 2.1 has been shown to be capable of implementing a universal set of 

quantum gates. To this aim, one first chooses a random set of pure states and computes 

ideal target signal using the target unitary gate. Then the parameters of QRP 



5 
 

Hamiltonian are varied until the output on the computational qubits matches closely 

the target signal for a random input state. This process is called training and we will 

describe soon what figures of merit are used to ensure successful training. The final 

results of this project can be seen as a generalisation of the result in Ref.  [14]to any 

single-qubit unitary and then to any single-qubit channel. 

 

2.2 Introduction to quantum amplifier  

  Any quantum amplifier must add noise to stay consistent with the no-cloning theorem. 

A particularly simple class of amplifiers, for which the quantum limits have been 

thoroughly discussed, is provided by the phase-preserving linear amplifiers. These 

developments took place in the field of quantum optics and accordingly use the 

language of continuous variable states. As such a mode of light is represented in the 

phase space and phase preservation means that the output state of the amplifier is at 

the same polar angle as the input.  

Quantum limits on noise in linear amplifiers 

  All linear amplifiers, such as parametric amplifier, have performance limited by the 

quantum mechanics. The resulting limit is the minimum value for the noise 

temperature   of the amplifier  [18–21]. The noise temperature is described as the 

increment in input temperature required to account for all the output  [22]: 

 (2.3) 

where k is Boltzmann constant and 𝜔/2𝜋 is the amplifier’s input operating frequency. 

Equation (2.3) means a linear amplifier must add noise to any signal it processes; the 

added noise must be at least the equivalent of doubling the zero-point noise associated 

with the input signal. 

  A linear amplifier is a quantum amplifier whose output signal is linearly related to its 

input signal. Its definition is very general: such as, both frequency-converting 

amplifiers, which produce an output frequency different from the input, and phase-

sensitive amplifiers, whose response relies significantly on the phase of the input. 

Importantly, Equation (2.3) applies only to phase-insensitive linear amplifiers. 
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Fundamental Theorem  

  For phase insensitive amplifier, the added noise number  satisifes the inequality 

 (2.4) 

where  is the gain and the upper and lower sign holds for phase-preserving and 

phase-conjugating amplifiers, respectively. A high-gain phase-insensitive amplifier 

must add noise to any signal that it proceeds, this statement implied by the fundamental 

theorem derived below, the added noise must be larger than some value. In contrast, 

for a phase-preserving device with G=1, called “passive”, no additional noise is 

required. In the following section, A denotes the added noise number, which is the 

noise added by a phase-insensitive amplifier functioning close to the quantum limit. 

Particularly, it does not depend on the input signal. 

Amplifier uncertainty principle 

  In phase-sensitive amplifiers, Equation (2.4) is substituted with a broader amplifier 

uncertainty principle, constraining the product of added noise values for the favoured 

quadrature phases: 

 (2.5) 

  According to the amplifier uncertainty principle, to decrease the noise added to one 

of the quadrature phases, additional noise is added into another phase. Consider an 

amplifier with  If it decreases the noise in one quadrature phase, let say 

, the information of the signal is represented by how much the amplitude 

of that phase has changed. Furthermore, one can design the amplifier to amplify the 

phase of interest, which leads to  , in same phase, the noise is reduced, which 

means   By utilizing phase-sensitive detection, the amplified signal can be 

then read out in the selected phase with an accuracy which is much better than the 

result compare of phase-insensitive way. There is no cheating in quantum mechanics, 

the noise in another phase will be increased, which leads . 

  The previous section says that as long as quantum amplifier amplified any signal, the 

added noise must be greater than some value, called the quantum limit. Now, the added 

noise of a phase-preserving amplifier, referred to as the second moment bound, will 
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be reviewed. This will be shown in the following section. It is important to study this 

property before delving into parametric amplifiers, as they satisfy this property. 

2.3 Quantum limit on the second moment of added noise 

  Caves and Joshua argued that there exists fundamental quantum amplifier model, i.e., 

regardless of how a phase-preserving linear amplifier is realized physically, it is 

basically the same as a parametric amplifier (but note recent Ref. [23] has proposed a 

counter example). Hence the details of parametric amplifier are discussed below. 

  The setting of their investigation is a single bosonic mode, called the primary mode, 

that undergoes phase-preserving linear amplification. The primary mode has 

annihilation  and creation operators  

 

 

(2.6a) 

 

 

(2.6b) 

  The operators   satisfy the canonical commutation relation, , or it 

could be also shown that  . This relationship suggests that the uncertainty 

principle exist, where 1/4. Here, , and the variance of 

 is  .  

  Equation (2.7) below conceptualizes the signal as a transition through a single-mode 

field 𝐸̅ 
 , 

 
𝐸̅ 

 ( ) ( )
√

( )  
(2.7) 

The annihilation operator  is the complex-amplitude operator for the field. The 

expectation value of the field, , oscillates with the amplitude 

and phase of . The noise in the signal is described by the variance of E. For phase- 

insensitive noise, its variance keeps constant and is represented by 

 Equation (2.8) represents the symmetric variance of :  

 
 

(2.8) 
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To represent the symmetric product of 𝑎 and 𝑎†, we write .  The 

uncertainty principle is: 

 (2.9) 

The lower bound is the half-quantum of zero-point (or vacuum) noise. The first 

inequality is saturated when the noise is insensitive to the phase, that is, meaning that 

and the second inequality is saturated when the 

uncertainties in quadrature have minimum uncertainty product. Both equalities hold 

when the mode is in a coherent state  Equation (2.10) represents 

displacement operator for mode  , 

 (2.10) 

The phase-preserving linear amplification aim to increase the magnitude of an input 

signal by a gain , for any input phase, by adding a minimum noise if possible. 

Equation (2.11) represents the transformation of the amplification of the expected 

complex amplitude of the input signal 

  (2.11) 

A flawless linear amplifier achieves this while maintaining the signal-to-noise ratio. 

In the Heisenberg picture, it's not only the expectation value but also the annihilation 

operator of the primary mode that would transform from input to output. 

  (2.12) 

The second-moment noise would be amplified by the power gain , that is, 

The amplifier’s output would be contaminated by the 

same noise as the input, blown up by a factor of , but the amplification process would 

not add any noises to the amplified input noise. 

  Notice that Caves mentions that there are no perfect phase-preserving linear 

amplifiers due to the limitation of quantum mechanics. In particular, equation (2.12) 

does not preserve the canonical commutation relation and therefore violates unitarity. 

In physical terms, this implies that amplifying the primary mode necessitates its 

coupling to other physical systems, primarily to supply the energy required for 

amplification. These additional systems, akin to the internal degrees of freedom of the 
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amplifier, inevitably introduce noise into the output. Equation (2.13) represents the 

physical requirement as an input-output relation  [24,25], 

 , (2.13) 

where L is the added-noise operator, which describes the internal degrees of freedom.  

 is an assumption that usually used to keep the Equation (2.11). The 

relationship  is required in order to preserve the canonical 

commutation relation between input and output. This implies the uncertainty principle,  

 
 

(2.14) 

The amplifier should be able to receive any input in the primary mode. This limits that, 

before amplification, the internal degrees of freedom and the primary mode cannot be 

correlated. By summing up the amplified input noise and the noise added by the 

internal degrees of freedom, leads the total output noise, so that: 

  (2.15) 

The uncertainty principle (2.14) constrains the added noise, and then Eq. (2.9), 

provides a lower bound for the output noise: 

 
 

(2.16) 
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Figure 2.2 illustrates the amplification of the field Ẽ and introduces the traditional ball-

and-stick phase-space diagrams that are used to depict the second-moment noise. The 

output noise takes the form by referring to the input: 

 
 

(2.17) 

Here, A is the second-moment added noise, which was denoted as added noise number 

in previous section. This characterizes the amplifier’s performance, and satisfies the 

quantum limit: 

 
 

(2.18) 

Again, in the limit of high gain, a phase-preserving linear amplifier adds at least half 

a quantum of noise to the input noise. All three ways measure how well an amplifier 

works, but have a problem: they're affected by the remaining gain dependence . 

Noise temperature and noise figure face an extra issue because they rely on input noise, 

which means they're not just about the amplifier itself. Besides, noise temperature does 

not increase in a straight line with added noise for amplifiers that are nearly at the 

Figure 2.2 The blue color and red color represent input signal and output signal 

 for a single-mode. They are the phrase preserving linear amplifier with amplitude gain 

 =4. For both of them, the input and output have the same phase. The input  = , is amplified 

to an output, =g, both of them are complex amplitudes. The (phase-insensitive) noise on signal is 

represented by smearing out the mean signal into a band with vertical height equal to the uncertainty in 

the field, 𝐸 
 

If the input is a coherent state, the input band height and output band height 

are equal to ½ and , correspondingly. The same input and output is also represented by the 

phase-space diagram as the temporal plots. The arrow represents mean complex amplitude, and circle 

represents the noise which diameter equal to the heigh of the band in the temporal plot. To obtain the 

temporal plots, one can rotate the phase-space stick, ball about the origin and projecting onto the real 

axis. 
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quantum limit. So, it is better to use a simpler measure of added noise that does not 

depend on gain. 

 
𝐴1  ≡

〈|Δ𝐿|2〉

𝑔2 − 1
=

𝐴

1 −
1

𝑔2

≥
1

2
 

(2.19) 

Hence, the second-moment quantum limit is  . 

2.3 Parametric Amplifier 

  The parametric amplifier provides the simplest model for the ideal linear 

amplifier  [26–28], which saturates the second-moment bound. Consider the mode 𝑎 

interacts with an ancillary mode  which is at the vacuum state at the 

beginning. The entire Hamiltonian is  

  (2.20) 

The pairwise creation or destruction of quantum in the two modes are described by the 

interaction term. The process of pairwise creation or destruction is accompanied by 

destruction or creation of a quantum in a pump mode with a frequency of 2𝜔. The 

pump mode is not explicitly involved in the Hamiltonian due to its existence in a high-

amplitude coherent state, and hence it is essentially classical. The amplitude of the 

pump mode adds to the coupling strength  𝜅, and its time dependence introduces the 

explicit time dependencies into the Hamiltonian in the form of  𝑒±2𝑖𝜔𝑡.  

  

The Hamiltonian is simplified in the rotating frame as now shown. Consider the 

Schr dinger equation: 

 , (2.21) 

In a new rotating frame where the state is given by  the Schr dinger 

equation retains its form 

 , (2.22) 

If H’ satisfies condition now derived: 

 , (2.23) 

 , (2.24) 

 , (2.25) 
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 , (2.26) 

 , (2.27) 

By Equation (2.22), Equation (2.27) hence become 

 , (2.28) 

Notice that  is written as 𝐼 to follow Caves’ notation. 

To translate Eq. (2.21) to the iteration picture, defined by the unitary , 

we need the following terms: 

 , (2.29) 

 , (2.30) 

similarly, 

 , (2.31) 

and  

 , (2.32) 

 , (2.33) 

 
∞

× 

∞
, 

(2.34) 

 
∞

× 

∞
, 

(2.35) 

 = 𝑎 , (2.36) 

 = 𝑎𝑏  (2.37) 

 

 , (2.38) 

 
∞

× 

∞
, 

(2.39) 

 
∞

× 
(2.40) 
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∞
, 

 , (2.41) 

 , (2.42) 

 , (2.43) 

  (2.44) 

 

  , (2.45) 

  , (2.46) 

 , (2.47) 

  (2.48) 

 

 (2.49) 

 (2.50) 

 = , (2.51) 

 =  (2.52) 

Then 

 , (2.53) 

  (2.54) 

Therefore 

  (2.55) 

 . (2.56) 

which can be integrated to give an evolution operator [23]: 

  (2.57) 

 , (2.58) 

 . (2.59) 

 

Here,  represents the two-mode squeezing operator [28-31]. In the Heisenberg 

picture, the annihilation operator of the primary mode undergoes the transformation 
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  (2.60) 

 

In other words, one can say that the output is amplified by taking the form as Equation 

(2.13) with a gain 𝑔 = cosh 𝑟 and noise operator   as 

compared to the input. When the ancillary mode is set up to be started in the vacuum 

state |0⟩, the noise operator reaches the second-moment bound, resulting in an ideal 

linear amplifier  [27].  

  To describe the evolution in the interaction picture in detail, taking into account the 

initial state ρ of the primary mode and the ancillary mode commencing in a vacuum 

state, the state of the primary mode after the amplification process is: 

  (2.61) 

In this context,  represents a trace-preserving quantum operation (a completely 

positive map).  This is describing the transformation of the state of the primary mode 

from the input to the output that undergoes the amplification. The basic quantum 

circuit of an ideal parametric amplifier is illustrated by Figure 2.3. 

  Let’s first work out , which is the operator acts on a. From Ref  [29], one 

gets 

 (2.62) 

 
 

(2.63) 

Then 

 
×  

(2.64) 

Using 

Figure 2.3 A parametric amplifier is implemented to function as an optimal phase-preserving linear 

amplifier. The principal mode, labelled as a, engages in a two-mode squeezing interaction with an ancillary 

mode b, which is initially in the vacuum state .   The resulting amplified output state  of the primary 

mode is raised up with an amplitude gain , while introducing the minimum allowable quantum-

mechanical noise.  
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  (2.65) 

  (2.66) 

  (2.67) 

one finds 

  (2.68) 

  (2.69) 

  (2.70) 

and 

 . (2.71) 

Since  =  and : 

 
≡  

(2.72) 

  In this way we obtain a Kraus decomposition of  where the operators 𝐾𝛼 are called 

Kraus operators  [30,31], and act only on the primary mode. An alternative 

decomposition of   [32] can be obtained by examining the partial matrix elements of 

the squeezing operator using the number basis of mode b: 

 
 

(2.73) 

  Performing the trace in Equation (2.61) in the number basis of the ancillary mode 

provides the Kraus decomposition  

 
 

(2.74) 

 

  In the later parts of this thesis, this decomposition will be utilized to implement 

parametric amplifier via quantum reservoir processing. 
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CHAPTER 3 

 

RESEARCH METHODOLOGY 

 

3.1 Tools  

3.1.1 Quantum states 

  In quantum physics, a quantum state is a mathematical representation of a quantum 

system's configuration. A coherent state is a specific type of quantum state for the 

quantum harmonic oscillator, known for its dynamics that closely mimic the behavior 

of a classical harmonic oscillator. In amplification, coherent states are the natural input 

states, for which the theory is well developed. 

Coherent State 

  A coherent state describes a single quantum particle such as a single atom or photon, 

that behaves metaphorically like a swinging pendulum in the quantum world. In 

quantum mechanics, a coherent state  is defined as an eigenstate of the annihilation 

operator with an eigenvalue  

 , (3.1) 

Since is not Hermitian, is complex and can be written as  where  

and 𝜃 represent the amplitude and phase of the state  respectively. 

  Recall the dimensionless variables P and X of momentum and position in quantum 

mechanics are  

 , (3.2) 

 , (3.3) 

And the corresponding annihilation operator and the creation operator are 

 
 

 

(3.4) 

 
 

(3.5) 
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By linking these two equations, leads 

 , 

 

(3.6) 

 , 

 

(3.7) 

By calculating the uncertainty of dimensionless position and momentum, which are  

 and ,  

 
 

(3.8) 

 
 

(3.9) 

 
 

(3.10) 

Since , then 

 
 

(3.11) 

i.e. the uncertainty relation is saturated. In other words, the coherent states are the 

minimum uncertainty states. 

 As shown in figure 3.1, the uncertainty is evenly distributed in all directions, 

represented by a disk with a diameter of 1/2. If this state evolves under harmonic 

oscillator potential, it rotates about the origin without any spread. This is why it is 

Figure 3.1 The phase space plot of a coherent state illustrates that uncertainty in such a state is uniformly 

distributed in all directions. The horizontal and vertical axes represent the X and P quadratures of the field, 

respectively. 
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called to be “as close to classical as possible” as the classical oscillator will do the 

same, but will be represented by a point instead of the circle. 

 

3.1.2 Fidelity between quantum states 

  Fidelity is used as an indicator of the similarity between two states. In this thesis we 

will compare the ideal target stated, e.g. obtained by applying a desired unitary to any 

input state , to the state produced by the QRP implementation. Let 

us denote the output state of the QRP machine as . The most common fidelity 

quantifier is defined as follows: 

  (3.12) 

A general quantum map will also be encountered instead of unitaries. In this case the 

ideal output is a mixed quantum state, let’s say state 𝜌1, and the output of the QRP 

processor is a potentially different mixed state 𝜌2. The fidelity between two density 

matrices is commonly defined as  [33]: 

 
 

(3.13) 

The square roots in this expression are well-defined because 

both  and  are positive semidefinite matrices, and the square root of a 

positive semidefinite matrix is defined via the spectral theorem. One may wonder why 

this equation is so much more complicated as compared with Equation (3.12). The 

reason is that we want a function which is equal to 1 if the two density matrices are 

the same. The set of postulates that any fidelity measure should satisfy was first 

proposed in [29] and recently reviewed [30]. Last, but not least, in fact Equation (3.12) 

is just a special case of Eq. (3.13) as one verifies that it reduces to the former for 

being a pure state. 

 

3.1.3 Fidelity between unitaries 

Up to now we have described the fidelity between quantum states. Yet, the main goal 

of this thesis is to implement certain target operations. For this reason we now review 

fidelity measures between quantum operations, beginning with the unitary operations. 

The basic idea is to randomly sample the input state for operations to be compared and 

take as fidelity for operations the average fidelity between the output states. In some 

https://en.wikipedia.org/wiki/Square_root_of_a_matrix
https://en.wikipedia.org/wiki/Square_root_of_a_matrix
https://en.wikipedia.org/wiki/Spectral_theorem
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cases, e.g. unitaries, the resulting expressions can be written in closed form as we now 

present. 

Consider two states and , which are the results of 

applying unitaries  and   on a random initial state .  

TODO: formula missing 

 

Before presenting the fidelity between more general operations than unitaries, a brief 

introduction to quantum channels and general quantum maps is given. 

 

3.1.4 Quantum Operation 

The quantum operation formalism is a standard way to describe the evolution of a 

quantum system in any situation. The general quantum states are described by the 

density operator (density matrix) 𝜌, the properties of which the reader finds in  [30].  

The transformations between quantum states take the form of a mapping from the input 

to output density matrix: 

 (3.14) 

 

The map  in this equation is called a quantum operation. Simple examples can be 

found in Ref  [30]. The dynamic change of a state is captured by the quantum operation 

which occurs as the result of some physical process. Initially,  is the state before the 

process, or say to be input to any quantum channel, and is the final state after the 

process happens, or output by the quantum channel, possibly up to some normalization 

factor. 

Environments and quantum operations 

Quantum operations naturally occur in the description of open quantum systems. A 

unitary transformation describes the dynamics of a closed quantum system. It can be 

imagined that the unitary is a box, which allows the input state and has an output. This 

Figure 3.2 The left-hand-side illustrates the model of closed quantum system. The 

right-hand-side illustrates the model of open quantum systems, which consist of two 

parts, such as the principal system and an environment. 
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idea is illustrated on the left-hand side of Fig. 3.2. In this section, the internal 

framework of the box is not concerned, it could be just constructed with some quantum 

circuit, or by some Hamiltonian system, or anything else, but of course in next sections 

some types of boxes which are interesting will be discussed case by case. 

A common approach to characterize the behaviour of an open quantum system is to 

view it as the result of an interaction between two entities: the principal system, 

representing the system of interest, and an environment. Together, they constitute a 

closed quantum system, depicted on the right side of Fig. 3.2. Alternatively, suppose 

a system in a state  is input into a box which is coupled to an environment. Generally, 

the output state of the system may not be just a simple unitary transformation of 

the initial state . For now, the system-environment input state is assumed as a product 

state,  . Once the environment no longer affects with the box’s transformation 

(denoted by 𝑈), a partial trace is to be performed over the environment to get the 

reduced state of the principal system alone: 

 (3.15) 

To show an example of the last equation in action, look at the circuit presented in Fig. 

3.3.  is a controlled-NOT gate, with the principal system the control qubit, and the 

environment initially in the state  as the target qubit. Substitute this into 

Equation (3.15), to obtain 

  (3.16) 

where  =  and are projection operators. It is seen that this 

dynamic happens due to the environment which stays in the  state only when the 

system is in . If not, the environment is going to be flipped to the state   

The derivation of this equation provides an example of the operator-sum representation.  

 

Figure 3.3 The controlled-NOT gate as an elementary example of a quantum operation on the principal system 

(upper one in the figure). 
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Operator-sum representation  

  Operator-sum representation gives an elegant form of the  quantum operations, which 

is the re-statement of the Equation (3.15) in terms of operators on the principal 

system’s Hilbert space alone. Let  be an orthormal basis for the state space of the 

environment, and let  be the initial state of the environment. Basically, 

it does not really matter if the environment is starting in a pure or mixed state. If it 

starts mixed, add an ancillary system to make it pure. Even though this extra system is 

not real, it does not change how the main system behaves, so it can be used to make 

calculations easier. Therefore, Equation (3.15) can be rewritten as   

 
 ∑ [ ]

(3.17) 

  (3.18) 

where   is an operator on the state space of the principal system. The 

operator-sum representation of  is given by Equation (3.18). For quantum operation 

, the operators  are known as operation elements or Kraus operators. This 

representation should be memorized since it will be used many times in this thesis.  

The elements of the operation meet a crucial requirement called the completeness 

relation, similar to the evolution matrices in classical noise. In classical scenarios, this 

relation comes from the need to make sure probability distributions sum up to one. In 

the quantum realm, it emerges from a similar need which has to ensure that the trace 

of equals one.  

  (3.19) 

 
 

(3.20) 

 = (3.21) 

Because this connection holds for all , it means that we must also have 

 (3.22) 

This equation works for quantum operations that preserve trace. There are also 

quantum operations that don't preserve trace, but they will not be discussed further in 

this project. There are many well-known quantum operations in the academic 
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resources of quantum information. Amplitude damping is one of them, and it is 

interesting to review for this project. 

3.1.5 Amplitude Damping 

  In quantum operations, energy dissipation accounts for the effects of energy loss from 

a quantum system. Whether it is the spontaneous emission of a photon from an atom, 

a spin system reaching equilibrium at high temperature with its surroundings, or the 

behavior of a photon in an interferometer or cavity under scattering and attenuation, 

each process exhibits distinct properties. Nevertheless, they all share a common 

behavior described by a quantum operation known as amplitude damping. Consider a 

single optical mode containing the quantum state 𝛼 𝛽 , a superposition of zero 

and one photon. By imagining inserting a partially silvered mirror, a beam splitter, in 

the path of the photon, can be used to model the scattering of a photon from this mode. 

The photon is allowed to couple to another single optical mode by the beam splitter, 

according to the unitary transformation , where 𝑎, 𝑎†  and 

 are annihilation and creation operators for photons in the two modes. The output 

after the beam splitter, assuming the environment starts out with no photons, is 

𝛼 𝛽 𝛽 Tracing over the environment provides the 

quantum operation 

 , (3.23) 

where  are 

 (3.24) 

  (3.25) 

where 𝛾 = sin2𝜃 can be thought of as the probability of losing a photon.  

 

3.1.6 Fidelity between quantum channels  

To quantify how well the QRP processor can simulate a desired channel we need a 

fidelity between the channels. In the simplest case of two unitaries, the fidelity between 

them is defined to be the average fidelity of their outputs on randomly chosen input 

states:  
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(3.26) 

 
 

(3.27) 

 
 

(3.28) 

Line Hjortshøj Pedersen and Niels Martin Møller [30] present a methodology for 

computing fidelity between a unitary and a general quantum channel. The average 

fidelity equation is described by Equation (3.28), where  ,  are the 

Kraus operators for the map ց and  is the unitary transformation. 

  As mentioned in section 3.1.2, Equation (3.13) characterizes the fidelity between two 

quantum states. However, for the general quantum channels, the way to calculate the 

fidelity is slightly different. Once the output state is known, it can be compared with 

the computational qubit of QRP, and then by repeating this step many times, an 

average fidelity can be obtained. The most general “fidelity between quantum channel” 

reads: 

 
 

(3.30) 

where  denotes the output quantum state from the quantum channel,  

denotes the state of the computational qubit of QRP and  refers to the iteration. The 

input states of these operations are chosen uniformly at random. 
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3.2 QRP scenario 

  The following protocol is used for inducing quantum operations on the computational 

qubits. First, at time  𝑡 = 0 , the qubits are initialised.  The initial states  are 

sampled uniformly randomly with an assumption that the QN initially begins in the 

vacuum state  . The entire system evolves to a specific time as 𝑡 = 𝜏 , which 

aligns with a unitary operator . The final state of the combined system 

is thus given by  vac⟩𝑅. At the end, the final state of the qubits is 

described as    . 

 

3.2.1 1-qubit reservoir

 

 

 

 

 

 

 

 

The objective is to utilize the QRP for showcasing the parametric amplifier and 

subsequently validating the outcomes against the theoretical predictions. Presently, a 

singular-node reservoir is being devised to engage with a computational qubit 

(designated as node C). Within the reservoir, there exists an additional qubit, node 1, 

and its initial state is the ground state . The computational qubit begins in a random 

state  . There exists a coupling weight  between the qubits. Finally, a pump is 

added into node 1, introducing an additional parameter into the system. 

Eqn. 2.2 can be implemented in the present case, and it becomes 

 , (3.29) 

 

1
 

𝐶 

Figure 3.4 The framework of the 1-qubuit reservoir. The node C represents the computational qubit and 

the node 1 represents reservoir qubit. 
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Here 𝐸2, 𝑃2  are energy and driving strength respectively. The state  of the whole 

system after time t is   , and the final state of the computational qubit 

is  

  (3.30) 

By looking at this process, the pure state  is mapped to the final state  

One can use eqn. 2.2.3 to calculate the fidelity, with the Kraus operators in this 

case:  and . 

 

 Introducing one more pump to the computational node, as illustrated in Figure 3.5, 

will result in a modification of the Hamiltonian. 

 

 

(3.31) 

This increases the number of parameters and enhances the fidelity. Since this only adds 

a term into the Hamiltonian, the derivation is totally same as in the previous part. The 

same method can be used to calculate the fidelity, just with changed Hamiltonian in 

Equation (3.29) to Equation (3.31).  

 

1

 

𝐶 

Figure 3.5 The framework of the 1-qubuit reservoir by introducing one more pump into the 

computational qubit C. 
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3.2.2 2-qubit reservoir 

  Now, an additional qubit is introduced into the reservoir, causing the computational 

qubit C to interact with both qubit nodes 1 and 2. The parameters involved include the 

coupling constants  𝐽12  , 𝐽𝑐1 , 𝐽𝑐2 , and the pump 𝑃1 , 𝑃2 . The complete Hamiltonian 

(from Equation 2.2) is as follows:  

 

 

(3.32) 

The initial state of the computational qubit is |𝜓⟩ and the two qubits in the reservoir 

are in their ground states 

  

 

(3.33) 

This state is mapped to, 

  

 

(3.34) 

By expanding this,  

  

 

(3.35) 

 

  

(3.36) 

The corresponding Kraus operators are given by 

 

 

𝑐1 

𝑐2 

12 𝐶 

1 

2 

Figure 3.6 The framework of the 2-qubuit reservoir. Which is added on one more reservoir qubit from 

the framework of 1-qubit reservoir. 
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  (3.37a) 

  (3.37b) 

  (3.37c) 

  (3.37d) 

 

3.3 Optimization algorithm 

3.3.1 Training of unitary 

  Training of the quantum neural network is an optimization process. All the 

parameters, defined as a matrix 𝑆𝑘𝑙  are being optimised. These parameters will be 

assumed to be within a certain interval and are expected to produce fidelity close to 

one. In the training of unitary, the situation is relatively simple with a small number of 

parameters. A deterministic method, Nelder-Mead simplex algorithm is considered 

sufficient to be implemented in order to approach the optimum condition. It should be 

mentioned that the Scipy library of Python contains the Nelder-Mead simplex 

algorithm and it has been widely used, hence it will be utilized directly for this purpose. 

 

3.3.2 Training of channels 

Since there is no closed-form expression for the fidelity between quantum channels, a 

stochastic genetic algorithm is implemented to find the optimum condition starting 

from a set of initial guesses, which approach the optimum point in a random process.  

  The genetic algorithm is an optimization algorithm imitating biological evolution 

with the principle of natural selection. Initially, a random set of numbers is described 

as a population, which goes through a natural selection procedure according to a fitness 

criterion. The fittest individuals, which literally means the set of parameters that 

produce the best result, reproduce to the next generation of populations through a 

cross-breeding procedure. A random mutation is allowed to happened with certain 

probability, which ensures the diversity among the populations.  
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Flow of the genetic algorithm 
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Figure 3.7 The flow of the genetic algorithm, the entire algorithm begins from left hand side and it flows 

as a circle until the terminate condition  is reached 
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Figure 3.7 illustrates the flow of the genetic algorithm. The following steps describe 

it: 

i) A set of random numbers in a given interval is randomly generated by the 

computer. The range of parameters depends on the complexity of the 

Hamiltonian. 

ii) The computer is asked to generate a random quantum state in 2 dimensions, 

and then the quantum state will be input into the quantum channel to get 

the ideal output , i.e. the desired output. 

iii)  The QRP scenario, as shown in section 3.2, is run producing an evolved 

quantum state, which is denoted . Fidelity between quantum channels 

is then computed and saved at this moment. 

iv) Repeat step iii) = 100  times, and take an average from fidelities , 

denoted as . 

v) Find the largest and second largest values, defined as  and  from 

 and its corresponding parameter set. 

vi) Compute next generation of parameters as: 

 𝒫 =
𝒫 𝒫

 (3.38) 

 

where  is the mutation rate,  is the noise, which is chosen as a 

gaussian distribution.  

vii) Replace the initial guess by 𝒫 , and repeat step ii) – vi) until   

approaches to a target value . In other words,  is the expected 

accuracy in QRP simulation. 

The resulting 𝒫  will be the best parameters, i.e. providing the simulation 

accuracy . In general, the closer  to 1, the closer the simulation to the ideal 

operation. 
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CHAPTER 4 

 

RESULTS 

 

  In this section, the results of the simulations will be presented. First by giving the 

results using the Nelder-Mead algorithm for optimisation, and later using the genetic 

algorithm. The section starts with simple cases and the complexity increases while 

reading. All the data is obtained for a single computational qubit. 

4.1 Implementation of unitary  

  Consider first the case of unitary operations, i.e. we would like the QRP processor to 

learn any unitary map. It turns out this is possible, but before we show those general 

results, let us present the data for the set of unitaries that can be used to approximate 

any single-qubit unitary. 

4.1.1 Simple unitary operations 

  Since the space of quantum states of a single qubit is isomorphic to a sphere and a set 

of 2x2 unitaries to rotations in 3D, we first show how to implement basic rotations 

such as those represented by Pauli matrices and other simple gates, see Fig. 4.1. 

  

Figure 4.1 Pauli matrices and simple gates 
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Table 4.1 shows the fidelity histograms of QRP optimization for the following single-

qubit unitaries depicted in Fig. 4.1. 

 a 

X 

b 

Y 

 

c 

Z 

d 

H 

e 

S 

f 

T 

 Fidelity 

 Table 4.1 The histrogram of fidelity of the unitary mentioned below the plot. 

See Fig. 4.1 for concrete formulae. 

 

The results show that for each gate, the Nelder algorithm can obtain a very good 

parameter set. 
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 The genetic algorithm was also used for the purpose of simulating the unitary gates. 

The results are shown in Fig. 4.2. The first iteration returns a low fidelity due to the 

random guess of the parameters set, but after several iterations, the fidelities keep 

increasing and converge at fidelity close to 1, which is the fitness criterion.  

  By comparing Table 4.1 and Fig. 4.2, the Nelder’s algorithm and genetic algorithms 

provide similar optimization results, i.e. they are both able to find very good parameter 

sets.  

  

Figure 4.2 The implementation of genetic algorithm to learn a unitary transformation. The plot 

gives the evolution of the fidelity in terms of iterations of the algorithm.  
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4.1.2 Random unitaries  

Consider now an arbitrary unitary. The simulation by QRP is more challenging as 

shown in Fig. 4.3. By comparing the evolution trends of five random unitary matrices 

and taking an average of them, it shows that the average fidelity can evolve from a 

random guess to a value that is very close to the fitness criterion. This data shows that 

QRP is capable of learning any unitary transformation. To sum up, Fig. 4.3 shows the 

optimization by genetic algorithm for random unitaries and they all can be 

implemented by QRP with very good fidelities. 

 

  

Figure 4.3 The optimization process of random unitary transformation with 1-qubit reservoir. The 

fidelities change during each optimization and the triangle curve is the average from 5 unitaries. 



34 
 

4.1.3 Comparison between 1-qubit and 2-qubit reservoir 

  It is intriguing to study whether the performance improves as the structure of the 

reservoir becomes more complex. The same set of unitaries was also analysed with 

2-qubit reservoir with the Nelder-Mead algorithm.   

 

Table 4.2 shows the fidelity histograms for different unitaries. The result is similar to 

Table 4.1, but 4.2 (d) and (e) show that the chance to find the best parameters is lower 

for the two-qubit QRP. 

  

 a 

X 

b 

Y 

 

c 

Z 

d 

H 

e 

S 

f 

T 

 Fidelity 

 Table 4.2 The optimization process (Nelder algorithm) of simple unitary transformations 

with 2-qubit reservoir. Each diagram represents the fidelity histogram. 
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The same set of unitaries was also analysed with 2-qubit reservoir with the genetic 

algorithm.  

 

 

Figure 4.4 The optimization process of simple unitary transformations with 2-qubit 

reservoir. The dashed line represents the ideal value. 

Figure 4.5 The optimization process of random unitary transformation with 2-qubit reservoir. 

The stars show the average over 5 unitaries. 
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  The data presented in Figs. 4.4 (4.5) shows that a larger (smaller for random unitaries) 

number of iterations is needed for the 2-qubit reservoir to achieve the same fidelity as 

the 1-qubit reservoir. Yet, the differences are not that significant. 

4.2 Implementation of channels 

  Now, let’s move to more complicated quantum operations and first study the 

amplitude damping quantum channel. This time the fidelity calculations cannot be 

done using the Nelder algorithm and instead it has to be resorted to the generic 

algorithm.  

4.2.1 Amplitude damping 

 

  From now on the reservoir is composed of a single qubit only. Fig. 4.6 shows the 

channel fidelity evolution as the system is being iterated through the genetic algorithm. 

The way of training amplitude damping channel as described in section 3.3.2. It was 

implemented into QRP and Fig. 4.6 shows how QRP approaches the simulation of the 

amplitude damping channel with a given target accuracy. As seen, the optimization 

does not always increase fidelity but from time to time the fidelity is decreased. This 

comes from two factors. Since the parameter sets are generated randomly and affected 

Figure 4.6 The optimization process of QRP in simulating amplitude damping channel. 
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by the noises during each iteration, the new parameter set may be not suitable for good 

results. Secondly, since the input state was sampled randomly for the amplitude 

damping, this may increase the variable that is uncontrollable, which means the object 

for QRP to learn behaves more randomly, therefore optimization is more challenging. 

As an observation, the success of parameter optimization requires some sweet zone, 

which is a particular upper bound and lower bound on the parameters. For instance, 

when the QRP is learning amplitude damping channel, the interval of all parameters 

lies between -50 and 50, this interval can make the optimization work successfully but 

other values such as [-1,1], [-100,100], turn out to be not so good. 

  As mentioned above, the random sampling increases the uncontrollable variable for 

QRP. Figure 4.7 shows a statistic for different trials of varied target accuracy. It shows 

that if the target accuracy is raised by requiring fewer rounding decimal points, it 

requires significantly more iterations. Therefore, it may be concluded that the higher 

accuracy the higher computational cost for the QRP.   

Figure 4.7 The total iterations requirement to achieve a given accuracy, i.e. computational cost.  
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4.2.2 Random channel 

  To investigate the capability of QRP in learning quantum operations more deeply, a 

random channel is implemented. Figure 4.8 presents the data collected when QRP 

simulates a random quantum channel, where the channel was chosen uniformly at 

random. 

  The result is quite similar to the simulation of amplitude damping. Notice that the 

maximum fidelity reached is . This is good enough since the simulation 

object is more random compared to amplitude damping. Unlike amplitude damping, 

in random quantum channels, the Kraus operators keep changing during each iteration 

increasing the difficulty of finding the suitable interval for optimization, this is another 

factor to be considered in comparison. It is therefore quite remarkable that QRP is 

capable of simulating any single-qubit channels. 

  Hence, the findings from this section collectively demonstrate QRP's capability to 

adapt and learn various quantum processes effectively. 

 

 

 

Figure 4.8 Fidelity between random quantum channel and the channel realised by a random choice of 

parameters in QRP. Since optimisation has not been implemented here, the actual fidelities will be 

even higher 
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4.3 Implementation of quantum amplifier  

4.3.1 Kraus operator for the parametric amplifier 

  To simplify the case, assume that the input and output state is in a two-dimensional 

subspace spanned by . By using the number basis from the parametric 

amplifier, see Equation (2.28), the Kraus operator  reads: 

 

where  and  are annihilation operator and creation operator correspondingly 

reduced to the two-dimensional subspace. Ideally, the Kraus operators should satisfy  

  (ideally) (4.6) 

but due to our assumptions this condition holds only approximately as we now 

explain. 

 

 

 

 

 

 

 
 

(4.1) 

Since , Taylor’s expansion gives: 

 ,  

for the values of gain g close to 1.  

(4.2) 

The terms of higher power can be ignored since their value is pretty small, so that  

 
, 

(4.3) 

Similarly, 

 
 

(4.4) 

 
, 

(4.5) 
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4.3.2 The gain parameter 

  Since and  are the function of , where  is the gain of the input state 

which is expected to be amplified, from calculation it is observed that Equation (4.8) 

is not perfectly identity but has a linear relationship with  . The current result shows 

that the approximation of parametric amplifier does not hold for large gain. Indeed, to 

keep  , the diagonal elements should be ≈1. Fig. 4.3.2 

shows them as a function of 𝑔, indicating that 𝑔 can be larger than 1 only by less than 

1/100. 

 

4.3.3 Fidelity of the amplifier map 

By choosing ,  is approximately an identity and we have a 

proper Kraus decomposition. Therefore, Equation (3.30) can be used to compute the 

fidelity of this map with the upcoming QRP map. 

Figure 4.9 The diagonal elements of  in the two-dimensional approximation of the par

ametric amplifier. 
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4.3.4 QRP implements parametric amplifier  

 

To demonstrate the QRP learning capability of quantum amplifier, the random  

sampling method mentioned in Section 3.3.2 is first implemented. 

Figure 4.10 The optimization process of QRP in simulating parametric amplifier with  

=1.001. The circles show every 6th element of the evolving data. The solid circle is the 

maximal achieved accuracy.   

Figure 4.11 The optimization process of QRP simulating parametric amplifier with  =1.005. The 

circles show every 6th element of the evolving data. The filled solid circle is the maximum accuracy 

achieved.  
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Figure 4.9 and 4.10 shows the learning process of QRP when simulating quantum 

amplifier. During this process, the set of random states are sampled into the amplifier 

and the QRP is forced to learn from this operation. The maximum accuracy is limited 

at fidelity 𝐹  = 0.99. As the result shows, the larger expected gain requires more 

computational steps, but the fluctuation is much smaller compared to the small gain. 

It can be concluded that QRP is capable of implementing the amplifier. 
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CHAPTER 5 

 

DISCUSSION 

 

  It was shown that QRP is a versatile platform for implementing many general 

quantum channels. A particularly interesting one is the quantum amplifier. In this case 

the platform behaves as expected (fidelity is above 0.99) but at present the whole 

theory is restricted to the gain of less than 1/100. This is clearly not satisfactory from 

an experimental point of view and should be overcome. The two points that should be 

improved are as follows: (i) consider higher-dimensional Kraus operators and (ii) 

consider more terms in the expansion of the Kraus operators in terms of the gain . 

This will definitely be done in the future. 

  Another major limitation of this thesis is the restriction to single computational qubit 

and, in most of the calculations, to only a single qubit in the reservoir. More work is 

required to understand the scaling of performance of QRP with the additional nodes in 

the quantum network. Intuitively one expects that the performance can only improve, 

but some of our preliminary data shows to the contrary, indicating need for 

clarification. 

  



44 
 

  CHAPTER 6 

 

CONCLUSION AND RECOMMENDATION 

 

  In this thesis, the feasibility of utilizing Quantum Reservoir Processors (QRPs) to 

realize quantum-limited amplifiers has been explored, addressing a significant 

challenge in quantum information technologies. The primary motivation was to 

enhance weak quantum signals for efficient transmission over long distances, a task 

constrained by the no-cloning theorem and the Haus-Caves limit. 

  Through a comprehensive review of quantum amplifier theory and its operational 

principles, a foundational understanding of quantum channels and Kraus operators was 

established. This theoretical groundwork enabled the development of a robust 

framework for QRPs, demonstrating their capacity to simulate unitary transformations 

and quantum channels effectively. 

  The QRP's conceptual simplicity and universality were pivotal in the approach. By 

optimizing over a single layer, the QRP's versatility is harnessed to perform multiple 

measurements, prepare various quantum states, and execute complex computations. 

The simulations confirmed that QRPs could learn any unitary transformation on a qubit 

and any quantum channel on a qubit with high efficiency. 

  The findings in this thesis underscore the potential of QRPs to serve as practical tools 

for simulating quantum-limited amplifiers. The ability to predict time evolution in 

nonlinear dynamics and chaotic systems further highlights the QRP's applicability 

beyond quantum amplification, suggesting broader applications in both classical and 

quantum domains. 

  In conclusion, this research paves the way for the development of physical quantum 

amplifying devices, leveraging QRP’s unique advantages. Future work may focus on 

experimental implementations, optimizing QRP architectures for specific 

amplification tasks, and exploring their integration into larger quantum information 

systems. The advancements presented in this thesis contribute to the ongoing effort to 
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bridge quantum theory and practical quantum technologies, moving us closer to 

realizing efficient, reliable quantum communication networks. 

  To overcome current limitations, future research should focus on two key 

improvements: (i) employing higher-dimensional Kraus operators and (ii) including 

more terms in the Kraus operator expansions in relation to the gain . Additionally, 

expanding the study to involve more computational qubits and larger reservoirs is 

essential. Investigating the scaling of QRP performance with increased network nodes 

is crucial, as preliminary data indicates potential complexities that need clarification. 

These steps will enhance the practical applicability and efficiency of QRPs in quantum 

amplification and other advanced quantum information processing tasks. 
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