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"The first principle is that you must not fool yourself and you are the easiest person to fool.”

Richard Feynman

"Strive not to be a success, but rather to be of value.”

Albert Einstein
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Abstract

Entanglement is a physical resource that is important in quantum teleportation, quantum dense
coding and quantum cryptography. In this thesis, we investigated entanglement distribution
between particles A and B (possibly located in different laboratories) via continuous interaction
with an ancilla, C. We assume that A and B do not interact directly with each other, but only
via (', and therefore the total Hamiltonian is of the form Hsc + Hpc. Our first result is the
simplification of the expressions for Hc and Hpe for a class of commuting Hamiltonians, i.e.
[Hac, Hpc] = 0 in which H ¢ is neither a free Hamiltonian on A nor a free Hamiltonian on C
(which implies that A and C interact), and likewise Hpc is neither a free Hamiltonian on B

nor a free Hamiltonian on C.

Using these simplifications, we looked at the time evolution of pure product states |afv) and
bi-product states |x) 45 [7)o- We were able to analytically prove for pure product states that
entanglement A : BC' (or B : AC) is bounded by entanglement AB : C, that is the amount
of entanglement in C'. For bi-product states, we found a promising bound stating that en-
tanglement gain, i.e. entanglement at time ¢ minus initial entanglement is bounded by the

entanglement in C'. This is confirmed by extensive numerical simulations.

We also considered the case where H 4¢ realizes the swap operator S4_¢ at a particular time and
swaps the state of A with C' while Hp¢ is just the identity operator. This scenario falls outside
the class considered above. For this case, we managed to prove analytically (for bi-product

states |x) 45 |7)c) the same bound that we conjectured above.
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Chapter 1

Introduction

1.1 Motivations and objectives

Entanglement, most famously described by Einstein as 'spooky action at a distance’, is realized
to be a resource as physical as energy [1]. Entanglement unlocks new range of possibilities such
as quantum teleportation [2|, quantum dense coding [3] and quantum cryptography [4]. Since
the discovery of entanglement by Einstein et al. [5] and Schrédinger [6], much research has been

carried out in the last few decades to understand the rules at play that govern entanglement.
There are various ways for entanglement to be created between two systems, A and B. This

thesis focuses on a particular method where A and B are allowed to interact continuously with

an ancilla, C, but do not directly interact with each other (see Figure .

A B

Figure 1.1: Setup for distributing entanglement between A and B via continuous interaction with C.



Surprisingly, Cubitt et al. [7] showed that it is possible to distribute entanglement to A and
B without C ever being entangled. In other words, it is possible to distribute entanglement
without actually communicating entanglement. This goes against our intuition that in order
to distribute entanglement to A and B, C' must first carry entanglement (i.e. C' has to be
entangled with AB). This phenomenon has been experimentally verified in [8-10]. However,
the scenario in those experiments is different from the one in Figure [I.1 Namely, in those
experiments there are no continuous interactions, rather particle C' first interacts with A (via

a quantum gate), then gets transmitted to another laboratory where it interacts with B.

The resources required to distribute entanglement in the setting of Figure [1.1| are at present
mostly unknown and they are the main topic of this thesis. It is only known that in order to
entangle A and B, there has to be quantum discord D 4p|c at some time during the evolution
[11]. Our overaching aim is to provide quantities which are upper bounding the amount of

distributed entanglement.

1.2 Flow of the thesis

In this Section, we will give an overview of the flow of this thesis. Chapters 1 to 4 are a review
of the standard quantities used in quantum information. They form the basis for understanding

the terminology and formulas that we will use in this thesis.

In Chapter 2 we look at quantities related to quantum states, such as the density operator, pu-
rity, von Neumann entropy, how to rewrite quantum states in the Schmidt decomposition, and
how to obtain the reduced density operators of subsystems via the partial trace. In Chapter 3
we look at the conditional entropy. We include the joint entropy theorem and the entropy of a
tensor product because it enables us to rewrite the conditional entropy in a form that becomes
useful to us in our proof. Strong subadditivity and mutual information are also reviewed since
they are an integral part of our proofs. In Chapter 4 review what it means for pure states and
mixed states to be separable (i.e. not entangled). Following that, we introduce the relative

entropy of entanglement, which is an entanglement measure that we will be using in this thesis.

Chapter 5 starts by introducing the setup for entanglement distribution via continuous inter-
action with an ancilla. We ask what it means for Hamiltonians H - and Hpc to commute.

Theorem 1 presents the answer to that question. It turns out that if [Hac, Hpe] = 0 there



is a common eigenbasis which is product on C', and we also show that H,c and Hgc can be
re-expressed as Hac = Ha + ﬁA & [:[C and Hge = Hg + ﬁB ® f[c. This simplification does
not hold for all Hamiltonians H4c + Hpe but for a particular subclass that we clarify. For

simplicity, we shall call this subclass of Hamiltonians ;.

Next, we introduce a particular case where H 4o generates the swap operator, S4_¢, at some
particular time. We will take Hpc to be the identity operator, so H ¢ and Hpc commute
as well. For simplicity, we shall call this pair of Hamiltonians Hs. It turns out that for this
trivial case where B is effectively not interacting with C', there are some derivable bounds on

entanglement between A : BC' and AB : C' that are pretty suggestive.

For the subclass of Hamiltonians #;, we show in Theorem 2 (for initial pure product states)
that entanglement A : BC and B : AC is respectively bounded by the amount of entanglement
in the ancilla, C'. Next, we consider bi-product states where A and B are initially entangled
(IX)ag 7)) We find numerically a promising bound after randoming a total of 1 million

samples,

Sa(t) — S4(0) < Se(?)
Sp(t) — S(0) < Sc(t) (1.2.1)

where S, refers to the von Neumann entropy of A. While the bound is very intuitive, we

have not been able to prove it analytically. Despite that, we showed that S4(t) > Sa(0) and
Sgp(t) > Sp(0).

For the pair of Hamiltonians Hs, B is effectively not interacting with C, which goes against
our initial intention that in our setup, A and B are continuously interacting with C. Yet, we
managed to derive |S4(t) — Sa(0)] < Sc(t) for initial bi-product states |x) 4,5 7). This is a
suggestive result that supports what we have not been able to prove so far for the subclass of
Hamiltonians H;. We also applied the Schmidt decomposition on operators to the case where
H ¢ is the interaction part of the Hamiltonian that generates S4_¢ at a particular time. We

showed that it cannot be written as a single product (i.e. Hac # Ha ® He).



Chapter 2

Quantum states

This Chapter will review some definitions and concepts related to quantum states [12]. Section
2.1 introduces pure and mixed states, Section 2.2 reviews the von Neumann entropy, Section
2.3 reviews the Schmidt decomposition for bipartite pure states and extends the definition to

tripartite pure states, and Section 2.4 reviews the partial trace.

2.1 Pure and mixed states

A quantum system whose state is known exactly is said to be in a pure state [¢). In this case
the density operator is simply the outer product of the state with itself, p = [¢) (1|. Otherwise
a state is called a mixed state. Mixed states are mixtures of different pure states, |¢;), and
the density operator reads p = >, A; [¢;) (¥s] = >, A\ips, where A; are probabilities and p; are
the density operators of those different pure states. While {|¢;)} may not be orthonormal to
each other, one can always write p in diagonal representation, i.e. p = > i1 |;) (¢;], where
{l¢;)} form an orthonormal basis and j; are the new probabilities that fall into the diagonal

representation. To determine whether a given p is pure or mixed, we calculate tr(p?).

If p is pure,

tr(p?) = tr(|¥) (W) (W)
| Using the cyclic property of the trace, tr(|1)) (¢]) = (o|v) .

= (¥[Y) (V)

| By the normalization condition, (¥|¢) = 1.
~ 1 (2.1.1)



If p is mixed,

tr(p?) = tr(z 1 163 (851 D huw 1) (D)

=t i |d5) (05]0n) (dnl)
jk
|  Using the linearity of the trace.

= D mamtr(16;) (65191) (6])

| [}Zing the cyclic property of the trace, tr(|1) (¢|) = (¢[)) .
= %:Mjﬂk|(¢k|¢j>|2

| Fjorj = k, [(¢]6;)|* = 1. For j # k. |{¢kl¢;)* = 0.

= >

< 1. (2.1.2)



2.2 The von Neumann entropy

The von Neumann entropy of a quantum state p is defined as

S(p) = —tr(plogp), (2.2.1)

where the logarithms are taken to base two. If \; are the eigenvalues of p and |e;) are the
corresponding orthonormal eigenvectors, then the von Neumann entropy has a more convenient

expression:

Sp) = —tr(30 e (el loa(3 Ay ) {es1)
| Expressing p in eigendejcomposition.
= —tr(3 Ailed) (el Y loghy les) )
| The logarithm of a]density matrix is equivalent to the logarithm of its eigenvalues.

= —tr(D_ Ailog); [es) (eile;) (e51)
]
| Using the orthonormality of eigenvectors from eigendecompositon, (e;|e;) = d;;.

= —tr(>_ Alogh; [e;) (eil)

| Usingithe linearity of the trace.

= = Adoghitr(le;) (e;])

] Usirilg the cyclic property of the trace, tr(|i) (¢]) = (¢|1), and (e]e;) = 1.

where \; are probabilities.

The von Neumann entropy is zero (for pure states) or finite and positive (for mixed states). It is
zero for pure states since pure states are entirely known. The density operator, p, is just |¢) (],
which is already the diagonal representation with a probability of one. For mixed states, there

are at least two non-zero \;, hence the von Neumann entropy is positive.



2.3 Schmidt decomposition

If the state of a bipartite system is pure, Schmidt decomposition guarantees that we can write
) ap = VAla) 4 ) + V1= Xar) 4 [b1) g (2.3.1)

where A are probabilities, {|a) , |a, )} are orthonormal states on A, and {|b),|b,)} are orthonor-

mal states on B.

If we have a tripartite system and the quantum state describing this system is |¢) 45, We can
simply group subsystems A and B together into a single subsystem, leaving subsystem C alone.

The Schmidt decomposition allows us to write,

) apc = W)(AB)C = \/x X)aglc)e + V1= Ailx1)apler)e (2.3.2)

where \; are probabilities, {|x),|x.)} are orthonormal states on AB, and {|c),|c.)} are or-

thonormal states on C.

Taking the partial trace (skip ahead to Section 2.4 for the partial trace), we find

pas = i [x) (x| + (1= A [x1) (xal,
pc = Aile) (c] + (1 = N) [er) {eu]- (2.3.3)

Since pap and po are already in eigendecomposition, we can easily find that their von Neumann

entropies are the same.
S(pas) = S(pc) = —Nilogh; — (1 — A\y)log(1 — \y). (2.34)

One also has the freedom to group subsystems B and C together, or A and C' together. The

Schmidt decomposition reads,

W>ABC =), = \/)‘_‘ )ale) e T V1 Ajlas)4ler) BC
V) apc =¥ 5 = VA [P ac + V1= A [b1) 5 [P 1) ac s (2.3.5)

where )\7, 7£ >\j 7’é )\k’

10



Similarly, one can calculate the von Neumann entropies of the corresponding subsystems and

find them to be equal.

S(pa) = S(psc) = —Ajlogh; — (1 = Aj)log(l = X;),
S(pp) = S(pac) = —Alogh, — (1 — Ap)log(1 — Ag). (2.3.6)

Since all pure states can be written in Schmidt decomposition, the above holds for all pure

states.

2.4 Partial trace

The partial trace is the operation that takes us from the density operator of a composite system
to the density operator describing a particular subsystem. Let us consider a pure state [¢)) of

a bipartite system, AB. From Section 2.3, the Schmidt decomposition allows us to write,
W) =V Xa) b)) + VI —XaL) 4 |bi)y. (2.4.1)

To find the reduced density operator for subsystem A, we take the partial trace with respect

to subsystem B. It is written as

pa = trp(jY) (¥])
= trp(Ala), (a[ @ [0) g (b + VAL = A)(la) 4 (ar| @ [b) (br| +ar) 4 {al @ [bi)p (b)) +
(I =A)lar), (ar] @ [bL) g (bul)
| where the trace only acts on B and we use the orthonormality between |b) and |b, ).

= Aa){(a|+ (1 =X)|ar) {(aL]. (2.4.2)
Likewise, the reduced density operator for subsystem B reads

pp = tra([¥) (¢])
= tra(Ala) 4 (al @[b)g (O] + VAL = A)([a) 4 (ar| @ [0) g (bL] +[aL) 4 (al @ |bL) 5 (O]) +
(L =A)far),(ar| @ 1br)p (bL])
| where the trace only acts on A and we use the orthonormality between |a) and |a, ).

— A[B) (Bl + (1= A) [b) (b (2.4.3)

11



Similarly if the quantum state in a tripartite system is pure and we want to calculate the
reduced density operator for subsystem AB and subsystem C', we can choose to apply the

Schmidt decomposition in the following way, separating into AB and C partitions.

V) = \/Ti|X>AB |C>c +V1I-A |XJ_>AB |CJ->C" (2.4.4)

We find

pap = tro(|Y) (¥])

= Xl O+ (T =) Ixw) (xel, (2.4.5)
pc = trag(|Y) (¥|)
= Aile) (e] + (1 = \i) [er) {ev], (2.4.6)

analogous to what we had before.

12



Chapter 3

Entropies

This Chapter reviews entropic quantities such as the conditional entropy, mutual information
and strong subadditivity. From [12], we show the proofs for the joint entropy theorem and the
entropy of a tensor product. This derivation allows us to rewrite the conditional entropy in a

form that becomes useful to us in Chapter 5.

3.1 Conditional entropy

Classically, the conditional entropy Hy|y, is a measure of how uncertain we are on average

about X given that we have complete knowledge about Y. It is denoted as
Hyy = Hxy — Hy, (3.1.1)

where Hxy is the Shannon entropy of the composite system XY and Hy is the Shannon entropy
of Y. It can be visualized in Fig[3.1] It is zero if X and Y are perfectly correlated, and one if X
and Y are statistically independent. Classically, the conditional entropy is always non-negative,
however quantum mechanically, this lower bound can be violated. The quantum conditional

entropy Sy p is defined as
Sap = Sap — Sp. (3.1.2)

Consider Bell states. The composite system AB is pure so Sqip = 0, whereas individual
subsystems are maximally mixed so S4 = S = 1. Therefore, quantum mechanically, it is

possible for S to be negative.

13



Figure 3.1: Visualization of the classical conditional entropy and mutual information.

3.1.1 Joint entropy theorem

Suppose p is the density operator for a composite system AB, such that
p=> ci@pli) = poi®|i) i, (3.1.3)

where o; is any set of density operators on subsystem A, p; are probabilities, and |i) are
orthonormal states on subsystem B. Let )\;i) and |ej)(i) be the eigenvalues and corresponding

eigenvectors of o; such that the eigendecomposition of o; is
gi=> A en (e (3.1.4)
J

Then the joint entropy theorem states that,
S(p) = 5(21% > A1) eV @ i) <i|>
i J
= S(Zpikf) )@ 1) (e5]" <i|>
ij

)

|  where pi)\gi are the new eigenvalues and |ej)(i) |i) are the new eigenvectors

= =Y pirlogpiAlY
(]
= = p\(logp; +1ogl?
piA;’ (logp; +log);”)
tj

= =D pdogpiy AP =D pi o Al
% 7 7 J

| where Z )\gi) =1land — Z/\y)log)\y) = S(o;)
j J

J
= - Zpik)gpi + ZPiS(Uz‘)- (3.1.5)

14



Now suppose p is a density operator of a composite system ABC| such that
p=>_ oleclep: i) (i, (3.1.6)
then Syp|c reads,

Sapic = Sapc — Sc

= S<Z(Ufl®0f)®pz’ |9 <i|> - 5(22% 2} <’5|)

| Using the joint entropy theorem for the first term.

= ZPilngi + ZPiS(UzA ® UiB) — (= Zpﬂ@gpz’)

= D pSle o). (3.1.7)

3.1.2 Entropy of a tensor product

It turns out that Eq. (3.1.7) can be simplified further. Consider a joint system AB where
both subsystems are in product states, then it is natural to think that the entropy of joint sys-

tem AB is just the sum of the entropies of the respective subsystems. The proof goes as follows:

Let p be the density operator for subsystem A and ¢ be the density operator for subsystem B.
Then the joint system AB will be represented by the tensor product, p ® o.

Let A\; and |p;) be the eigenvalues and corresponding eigenvectors of p such that the eigende-
composition of p is

pa = Z X L) (pual (3.1.8)

Likewise, let A; and |v;) be the eigenvalues and corresponding eigenvectors of ¢ such that the

eigenvalue decomposition of o is

a:ZAj|yj><yj|. (3.1.9)

Then the joint system AB is just:

pa = NAlwi) (il @ |v) (v

ij

ij

15



where A\;\; and |u,;v;) are the eigenvalues and corresponding eigenvectors of p ® o. It follows

that the entropy of the joint system AB is:

S(p@a) = =) Mdjloghi

ij

= =) AiAj(log); + log)))
ij
- _ Z A Z Ailogh; — Z Ai Z AjlogA;
j i i J
Using Z)\i = Z)\j =1
i J

= S(p) + S(0). (3.1.11)

With this, we can rewrite Eq.(3.1.7) as,

Sapc =Y _piS(o! @ of)

= _ni(S(of) + 507, (3.1.12)

which will be useful in Lemma 2.

3.2 Strong subadditivity

Strong subadditivity is proven in [12] and it reads
Sijk + Sj < Sij + Sjk, (321)

where {i, j, k} is any permutation of {A, B, C'}.

3.3 Mutual information

Classically, the mutual information, Hx.y, measures the amount of information shared between

X and Y. It is reads,

Hxy = Hx + Hy — Hxy. (3.3.1)

16



The mutual information is zero if X and Y are statistically independent, and one if X and
Y are perfectly correlated. It is always non-negative by defintion. Figure [3.1] shows a visual
illustration of the mutual information. Classically, the amount of information in a composite
system can never be more than the amount of information carried by its subsystems (i.e.
0 < Hyx.y < 1). However, quantum mechanically, this is not the case. The quantum mutual

information reads,

Sxy = Sx + Sy — Sxv. (3.3.2)

Consider Bell states. The composite system AB is pure (Sap = 0), whereas individual sub-
systems are maximally mixed (S4 = Sp = 1). This means that quantum mechanically, it is
possible to have complete knowledge about the composite system and have complete uncertainty

about its subsystems (Sx.y = 2 for Bell states).

17



Chapter 4

Separability and the relative entropy of

entanglement

This Chapter reviews what separability means in the case of bipartite states and extends this
description to tripartite states. We also introduce the relative entropy of entanglement, which

is the entanglement measure that we are using to quantify entanglement in this thesis.

4.1 Separability for pure states
Suppose the quantum state of a composite system AB is pure. Separability just means that
V) ap =) 4 @ |8) 5. (4.1.1)

This means that A has a definite state, |o), and B has a definite state, |3).

In tripartite systems, separability can come in various forms. A quantum state can be bi-
separable or completely separable. Suppose the quantum state of a composite system ABC' is

pure. If it is completely separable, it can be written as

|¢>ABC = |a>A ® |ﬁ>B ® |7>C' (4.1.2)

This just means that A, B and C' each have a definite state and that they behave locally as

three completely independent subsystems.

18



If the tripartite pure state is bi-separable, one must indicate in which partitions the state is

separable in. For example, a state that is AB:C separable reads

V) ape = 1X)as @ Ve - (4.1.3)

The state of subsystem AB and the state of subsystem C are pure and independent, however

entanglement can be present between subsystems A and B.

Likewise,

A:BC separable: [¢) spo = |) 4 @ |X) go »

AC:B separable: |[¢) ;5o = [X)ac @ 18) 5 - (4.1.4)

4.2 Separability for mixed states

For bipartite mixed states, the condition for separability is analogous to that of bipartite pure

states. Recall that a mixed state is a mixture of different pure states, written as

p= Z i [0 (i - (4.2.1)

A mixed state p4p is said to be separable if there exists a decomposition where all its different

pure states, [1);), are separable. In other words, [1;) 45 = |i) 4 ® |5i) 5-

pAB = Z Aillai) 4 @ [8i) p) (il 4 @ (Bil 5)
= Z )\i(‘ai>A <04i|A) ® (|5z>B <5z’B)

=Y xipd @ ol (4.2.2)

For tripartite mixed states, it is not entirely analogous to that for tripartite pure states. First,
the part that is analogous is: If there exists a decomposition for ppc such that each of different
pure states |1;) are separable in the same partition, then papc is said to be separable in that

partition.

19



To illustrate,

Completely separable: panc = Millas) 4 @16:) @ hide) ({ils @ (Bilp @ (ilc)
= Z Aillai) 4 (il ) @ (18:) g (Bil g) @ (17i) e (il )
- Z Xip @ pl% @ p), (4.2.3)
AB:C separable: papo =D AillXibap @ 1)e) (Dl ap @ (ilo)
= 2 Nillxi)ag (Xilag) @ (e (ile)

= Nplls @ o (4.2.4)

One can easily work out what it means to be A:BC or B:AC separable. The part that is differ-
ent for tripartite mixed states is that papc is also said to be bi-separable (without considering

partitions) as long as there exists a decomposition where p4pc is made up of bi-product states.

To illustrate, let us denote pa.gc, pB.ac and pap.c where the subscripts indicate the partitions
they are separable in. Then papc is bi-separable (without considering partitions) if it is made

of a linear combination of these bi-product states,

pABC = Mpa:sc + AepBac + Aspapc, (4.2.5)

and Ay, Ay and A3 are probabilities.

4.3 Relative entropy of entanglement

The relative entropy of entanglement (REE) is a measure that quantifies entanglement for

general states [13] . It is defined as

E(p) = min S(pl|o”) = —tr(plog(c)) + tr(plog(p)), (4.3.1)

o'eD

where o is the closest separable state to p. It is important to specify the partition for D. For
instance, if we talk about the partition AB : C', then D refers to the set of AB : C separable
states and we perform the minimization over all such AB : C separable states, ¢/. We denote

o to be the state satisfying the minimum, hence it is the closest AB : C' separable state to p.

20



A visual representation is given in Figure

o' €D, where\l) s the set of AB:C separable statej

~

PaBc

EAB:C

Figure 4.1: Visualization of the relative entropy of entanglement for the AB : C partition.

For pure states, REE was found to be equivalent to the von Neumann entropy of subsystems

in the relevant partitions [14]. In other words we can write,

Exp.c = Sap =S¢,
Es.pe = Spe = Sa,

Eac.p = Sac = Sg. (4.3.2)

Minimization is not a computationally easy task. In this thesis, we will be dealing with pure

states so we will use the latter instead.
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Chapter 5

Our findings

Entanglement between A and B can be created via various methods, one of which is allowing
A and B to continuously interact with an ancilla, C'. In this thesis, we focus on qubits, i.e. the

dimension of A, B, and C are 2 each.

A B

Figure 5.1: Setup for distributing entanglement between A and B via continuous interaction with C.

In Section 5.1, we look at Hsc and Hpe that take the form of general Hamiltonians. We ask
the question, what does it mean for H 4¢ and Hpge to commute? We investigate this in Theorem
2 and we show two things. One, that there is a common eigenbasis on C', and two, we are able
to rewrite Hac = Hy + ﬁA ® ﬁc and Hgc = Hp + ﬁB ® [;TC (for simplicity, we shall call this

subclass of Hamiltonians #,).
In Section 5.2, we introduce the case where S, _¢ is the unitary that swaps the states of A with

C. We construct the Hamiltonian H 4o that generates S4_¢ at a particular time, and Hpgc is

the identity operator (for simplicity, we shall call this particular pair of Hamiltonians Hs).
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In Section 5.2.1, we introduce the idea of using the Schmidt decomposition on

~ ™ ™ ™
HAC:ZO’1®1®O’1+10’2®1®0’2+10'3®1®03, (501)

and we show that there is no way to write it as a single product (f]Ac #+ Hy® ﬁc).

In Section 5.3, we investigate the time evolution of initial states ) , |3)z|7) via interaction
Hamiltonians H;. We find at any time, S4(t) < S¢(t) and Sp(t) < Sc(t), and the analytical

proof of this is shown in Theorem 4.

In Section 5.4, we restrict ourselves to pure bi-product states of the form |¢o) = |x) 45 |[7)c-
First, we consider interaction Hamiltonians H;. In MATLAB, we generated 100 random pairs
of such Hamiltonians and checked each one for 10,000 random bi-product states |x) 5 |[7)c-

Our numerical results suggests the following bound:

Sa(t) = Sa(0) < Se(t),
Sp(t) — Sp(0) < Sc(t). (5.0.2)

We find this bound intuitive; since we start with entanglement between A and B, it is not
surprising that we obtain a modification of Theorem 4 that takes care of the initial entanglement
between A and B. However we have not been able to prove this bound analytically. We present
a plot that shows the tightness of this bound for some random |x) 45 |7). Later in Section 5.4,

we consider the time evolution given by interaction Hamiltonians H,. We find
Sa(t) = Sa(0)] < Se(t), (5.0.3)

and we show the analytical proof in Theorem 5. Here, we also show that if A and B were

initially product states, Sa(t) and Sc(t) would be equal.

In the last part of Section 5.4, we return to interaction Hamiltonians H;. We prove in Theorem
6 that if A and B are initially entangled (|x) 4517)c), local unitary dynamics kicks in and we
find S4(t) > S4(0) and Sp(t) > Sp(0). We use Theorem 6 to show that S4(0) —S4(t) < So(t)
and Sp(0) — Sp(t) < Sc(t).
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5.1 Commuting Hamiltonians

When we refer to the general Hamiltonian H4¢, implicitly we mean that all tensor products

with system B involve the identity operator on B:
3 3
HAC = Zzhfaco—a®1®ac
a=0 c=0

Also, we want A and C' to interact, so we do not want Hac to be just H, (free Hamiltonians
on A) or He (free Hamiltonians on ). Similarly, for general Hamiltonians Hp¢, implicitly we

mean that all tensor products with A involve the identity operator on A.

3 3
Hpe = ZZfbcfl ® 0p R O

b=0 ¢/’=0

Since we want B and C' to interact as well, we do not want Hpc to be just Hp (free Hamilto-

nians on B) or H¢ (free Hamiltonians on C).

In this Section, we present Theorem 2 that allows us to simplify Hsc and Hpe if they are

commuting. Lemma 1 will be useful in proving Theorem 2.
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Lemma 1. For any diagonalizable square matriz M, if M’ is proportional to M and different
proportions of identity are added to both M and M’, the resulting matrices still share a set of

common eigenbasis.

Proof. Suppose M is some m x m square matrix of dimensionality m. Since M is diagonalizable,

there exists an eigendecomposition of M which reads,

M:ixﬂm (Ml | (5.1.1)

where {1, Ao, ..., A\, } are the eigenvalues and {|A1),|As),...,|Am)} are the eigenvectors of M.
Since M’ is proportional to M, naturally they share the same eigenvectors, just that the eigen-

values of M’ will be scaled by some proportionality factor.

M =N An) (Ml (5.1.2)
n=1
where {X1, XNo, ..., N, } are the scaled eigenvalues. Since {|A1),|A2),...,|\n)} arises from the

eigendecomposition, these eigenvectors form a complete orthonormal basis. The identity matrix

can be expressed using that set of orthonormal vectors,

L= [An) (Al (5.1.3)

Adding different proportions of identity to M and M’ gives us

M+ aly = (a+ M) M) (Al
n=1

M+ Bl = (B4 Na) [An) (Al (5.1.4)
n=1

where a and ( are different constants. One can see that the resultant matrices share a set of

common eigenbasis {|A\1), [A\2), ..., [Am) } O

When two operators commute, it is known that they share a common eigenbasis. However in
general, this common eigenbasis can be entangled. In Theorem 2, we show that if [H ¢, Hpc] =
0, then the common eigenbasis is product on C. This simplification will be applied to other

Theorems later on.
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Theorem 2. Consider general Hamiltonians

3 3

Hic =Y heo.®1®0,, (5.1.5)
a=0 c=0
3 3

HBCZZZbe']-@Ub@UC/, (5.1.6)
b=0 /=0

where o9 = 1 and 0,=123 are the 2 x 2 Pauli matrices. The total Hamiltonian is given by
H = Hac + Hpe. If [Hac, Hge|l = 0, and all the coefficients hae and fyo are non-vanishing,

then Hac and Hpe can always be rewritten as

Hac=Ha+ Hy® He, (5.1.7)
Hpc = Hp+ Hp ® He, (5.1.8)
and there exists a set of common eigenbasis on C'.

Proof. First let us consider a simpler case where the sum over a only has two terms, a and d’,

and the sum over b also has two terms, b and &’. The Hamiltonians H ¢ and Hpc read:

3 3
HAC :0a®1®zhaco-c+o-a’ ®1®Zha’co-ca (519)
c=0 c=0
3 3
HBC = 1®0’b®szc/0'c/+1®Ub/®szlc/o-c/. (5.1.10)
/=0 /=0

We can take out oy and the coefficient tagged to it. Rewriting Eq.(5.1.9),

3

3
HAC =04 ® 1 ® (ha(]l + Z hacac> + Oq! & 1 & (ha’(]l + Z ha’cac>
c=1

c=1
3 3

= (hao0s + ho00a) ®1R1+0,R1® Z haeOe + 0y Q1@ Z Rg/eOe (5.1.11)

c=1 c=1

= Hj+ Hac, (5.1.12)

where Hg = (hao0s + hao0w) ® 1 ® 1 and H Ac comprises of the remaining two terms.
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Rewriting Eq.(5.1.10),

=1 /=1
3 3

=1® (fooop + frooy) @1 +1® 0, ® Z foeOo +1Q oy ® Z Joeoo (5.1.13)

=1 /=1

= Hp + Hpe, (5.1.14)

3 3
Hpe=1®0,® (fbol + Z fbd%/) +1®oy ® (fb’()l + Z fb’c’Uc’)

where Hg = 1 ® (fyo0p + frooy) ® 1 and Hpe comprises of the remaining two terms.

By doing so, we have split Hs¢ into a part that only acts on A, and a part that provides
continuous interaction between A and C'. Likewise for Hgo. Then the condition, [Hac, Hpe] =

0 becomes

0 = [Hac, Hpc]
= [HA+ﬁACaHB+ﬁIBC]
= [Ha, Hp| + [HA7]:IBC} + [ﬁAc,HB} + [I:IACa]:—IBC]
| It turns out that [Ha, Hg| = [HA,[:IBC] = [ﬁAC,HB} = 0.

- [FIAC, ﬁ[BC} . (5.1.15)

H, and Hp are the free Hamiltonians that give A and B their free energies. This is com-
pletely independent of the interaction Hamiltonians Huc and Hpe. Therefore wanting Hac
and Hpc to commute directly translates into the commutation between these “deeper” inter-

action Hamiltonians.

It is obvious from Eq. (5.1.11) and Eq. (5.1.13) that if we instead had the sum a € 0,1,2,3

and b € 0,1, 2,3, our free Hamiltonians and interaction Hamiltonians would read:

3 3 3
Hy=) haoa®1®1 Hic=) 0,018 haeor, (5.1.16)
a=0 a=0 c=1
3 ~ 3 3
HB:].@ZfboUb@l, HBC:].@ZO'(,@Zfbclacl. (5117)
b=0 b=0 =1
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Expanding [ﬁAc, ﬁ30i| = O,

Zo-a & Zab & Zzhacfbc’acac/ - Zaa ® Zab ® ZZfbc acOc'O¢

c=1 c¢'=1 =1 c=1

)
| Since c and d both run from 1 to 3, we can interchange c and ¢ for (*).

= Zo_a®zab®zzhacfbc’acac/ - Zo—a@)zo_b@ZZfbc ac’OcO¢!

c=1 ¢/'=1 c=1 c/'=1

= Zaa®zab®zz acfbc fbchac/)gcac" (5118)

c=1 /=1

The Pauli matrices and identity make up a linearly independent set, so the only way for
Eq.(5.1.18) to vanish is for every coefficient in front of distinct tensor products of Pauli matrices

to vanish. Rewriting Eq.(5.1.18),

3 3 3 3
2222 lhachie = fichae)ow @ 04 @ o0 = 0 (5.1.19)
3 3 3 3
D22 (hache = fachae)0u ® 04 @ (8ol + iecoror) = 0, (5.1.20)

where €. is the Levi-Civita symbol.

Pauli matrices are unitary and Hermitian. Acting two of the same Pauli matrices gives us
identity, therefore terms proportional to identity corresponds to cases where ¢ = ¢’. However

when ¢ = ¢, the coefficients cancel each other so there are no terms proportional to identity.

For ¢ # ¢, we know that the product of two Pauli matrices yields in another Pauli matrix in
a cyclic order. First, let us look at terms which contribute to o.0’. being proportional to o;.

These correspond to

0 —i\ ({1 0 N
0203 = =1 )
¢t 0 0 -1 10
1 0 0 — 01
0309 = = —1 . (5121)
0 —1 ¢ 0 10
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For the coefficient in front of o; to vanish, we need the coefficients of these two contributions

to sum up to zero:

i(ha2fo3 — frahaz) — i(ha3foz — fosha2) = 0, (5.1.22)
. he he

2i(hazfis — frohas) = 0= -2 = ==, (5.1.23)
Joo  Jos

Repeating the same steps for terms proportional to oy and o3, one will find respectively,

. he he
2i(hasfin — fraha) =0 = -4 = =2,
oo Je3
. hal ha2
2i(ha1 foo — frrhag) = 0= —— = ——. (5.1.24)
Joo o2
Combining these results, we obtain the set of relations that set []:I o H BC} to zero:
he ha he
Zal a2 | a3 (5.1.25)
Joo  Jio o3

Since Pauli matrices are linearly independent and they form a basis, one can treat these relations
as a form of matrix parallelism. Suppose we consider two vectors in 2D space, where x and y
form a basis. The two vectors are said to be parallel if x1 /x5 = y;/y,. This is analogous to our

relation in Eq.(5.1.25).

Y
Ya D SRS Uy
vy |
1 T |
0 X1 X 0 X5 " x

Figure 5.2: The common ratio of coefficients is analogous to that of parallel vectors.
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Since a,b € 0,1, 2,3, there will be 16 sets of these relations pertaining to each a and b:

m:@:@}a:Q b=20
Jor  fo2 o fo3
[ S
Joo  fo2 o fo3

hot  hao h23}

— =—=—13a=2,0=0
Joo  fo2 o fo3

hsi  hso h33}

— =-—==-"3%a=3,b=0
Jor  fo2  fo3

hot  hoo h03}

— =—=—13a=0,0=2
for  foo fas

hit hio h13}

— =—=—"3%a=1,b=2
for fa2 fas
@:@:@} =2, b=2
Jor  f2 fas
@:@:@}a:& b=2
for  f2 fas

E:@:@}azojbzl

fll f12 f13
@:@:@}G_Lbzl

fll f12 f13

h?l h22 hQS}

o DB —0 =1

fll f12 f13
@:@:@}a_&b_l

fll f12 f13 (5 1 26)
@:@_@}azo b=3 N
f31 f32 f33 ’

hll h12 h13}

du Dz sl 1 p=3

f31 f32 f33

@:@:@} 9 b—3

f31 f32 f33

h

ﬂ:@:@}a:37b23

f31 f32 f33

Since we are working under the condition that these coefficients are non-vanishing, Eq.(5.1.26)

really brings out the idea of matrix parallelism. Let us look at the terms pertaining to

{a =0,b = 0}. Our original Hamiltonians read,

The set of relations for {a = 0,b =0} in Eq.

horo1 + ho2os + hogos =

We can introduce a new matrix, o, which reads

H,(anc?m =00 ® 1 ® (hool + ho101 + ho202 + hosos), (5.1.27)
HJ(BbgO) =1® 00 ® (fool + for01 + fo202 + fo303). (5.1.28)
(5.1.26) implies proportional matrices:
hos ho1 — thoo
hot +tho2  —hos
_ ho Jos Jor — i foe
Jo\ fou+ifoer  —fos
_ o
= f_(f0101+f0202+f0303)- (5.1.29)
01
1
0s = ——(for01 + foa02 + fo303), (5.1.30)

" for
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then Eq.(5.1.27) and Eq.(5.1.28) can be rewritten as

HYZ" =09 ® 1® (hool + hor0s), (5.1.31)

Hi” =1@00 ® (fool + for0s). (5.1.32)

Comparing Eq.(5.1.31) and Eq.(5.1.32), we see that we can apply Lemma 1 to the terms in the
brackets. There exists a set of common eigenbasis on C'; the eigenbasis of o,. Repeating this

for all a,b € 0,1, 2,3, we find

HYS” =00 @1® (hool + hoioy)  Hyg = 1@ 00 @ (fool + foro

Hgagl) =01 X 1 X hlol + h110'5 Hg)gl) = 1 X 01 X fl()l —+ f110'5

( ) ( )

( ) ( ) (5.1.33)
HS? = 00 @1 @ (haol + hayoy)  HYS? =1® 05 @ (faol + fo105)

( ) ( )

HYSY = 0301® (haol + haioy)  Hye) = 1@ 03® (faol + fai0).

It is now obvious that there is indeed a common eigenbasis on C. Rewriting Eq.(5.1.33), we

find that

Huc = (horoo + h1101 + ha109 + h3103) ® 1 ® o

3
:Zhalaa®1®as

a=0

_ i, ® fe (5.1.34)

Hpe=1® (foro0 + fr101 + fa102 + f3103) ® 0
3

= l®zhb10b®08
b—0

— Hp ® He, (5.1.35)
where H, = Zi:o ha10a, Hp = Zgzo foi0p and Ho = 0.
Therefore the H 4 and Hpc can be rewritten as

Huyc=Hjy+ Hy® He

Hpe = Hg + Hg ® He. (5.1.36)

This completes the proof. O
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Theorem 2 tells us that if we want to create random commuting general Hamiltonians, instead
of meticulously calibrating all 16 sets of relations in Eq.(5.1.26), we can just define og and set
it up. If all the coefficients are non-vanishing, oy is just given by Eq.(5.1.30) and Hac and Hpc

can be constructed as follows:

H o = (hoooo + h1oo1 + hoooo + hapos) ® 1 @ 1 + (ho1oo + h1101 + ho102 + h3i03) @ L ® oy,

Hpe = 1® (foooo + f1001 + fa002 + f3003) @ L+ 1 ® (for00 + f1101 + fa102 + f3103) @ 0.
(5.1.37)

All these coefficients and o4 can be randomed (as there is no relation in Eq.(5.1.26) relating
these coefficients together). This is how we construct random general Hamiltonians that com-

mute (in MATLAB) to test our theorems.
For the case where some coefficients h,. and f, are vanishing, to show that Theorem 2 holds

becomes hairy problem that is not easy to deal with. There are too many permutations and

possible cases to consider and we will not delve into the details in this thesis.
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5.2 Huyc: Swap operator, Hpq: Identity operator

In this Section, we introduce the Hamiltonian that generates the swap operator which state of A

with C. Later on, we will look at the evolution of tripartite pure states using such Hamiltonians.

The unitary that performs the swap, Ss_¢, can be constructed as follows:

1000) — 00
001) — |100)
010) — |010)
011) — |110)
1100) — |001)
1101) — |101)
1110) — |011)

1111) — [111)

0
0
0
0
1
1
1

1

)b
)}
)}
)}
)}
)}
)}
)}

1000) (000]) |000) =
(1100) (001]) |001) =
(010) (010]) [010) =
(1110) (011]) |011) =
(J001) (100]) |100) =
(1101) (101]) |101) =
(|011) (110]) |110) =

(J111) (111)) |111) =

1000)
1100)
1010)
1110)
1001)
1101)
011)

1111)

The corresponding matrix representation for unitary that performs the swap is:

Sa—c =

1

o O o o o o o

o O O = O o o o©

o o o o o = o o
o =R O O o o o o
o o o o o o = o
o o = O O o o o
o O o o = o o o

o o o o o o o

(5.2.1)

with ones in the relevant places. It turns out that an equivalent representation for S,_¢ is

1 1 1 1
SA_C:§1®1®1+50‘1®1®0‘1+§0'2®1®0'2+§O'3®1®0'3. (5.2.2)

Note that the the unitary that swaps the states of B and C' is written as

1 1 1 1
SB_C:§1®1®1+§1®al®al+—1®ag®02+—1®03®03, (5.2.3)

2
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and [Sa_c, Sp—c] # 0. This makes sense. If we start with |«) 4 |5) 5 |7)o and swap B with C
first, we have |&) 4 |7) 5 |8). Then we swap A with C' and end up with |5) 4 |7) g ). If we
performed the S,_¢ first followed by Sp_¢, we would end up with |v) , |a) 5 |8) -

We can find the eigenvalues and eigenvectors of Sy_o via MATLAB. It turns out that

Sa_c = (+1) ZW (y| + (= Z|u_ v_| (5.2.4)

pn=1
where |py) corresponds to the eigenvectors giving an eigenvalue of +1 and |v_) corresponds to
the eigenvectors giving an eigenvalue of -1. The relation between S4_¢ and the Hamiltonian
that generates it is S4_¢ = e *#4-¢. Taking the natural logarithm on both sides, and using the

fact that the logarithm of a matrix is just the logarithm of its eigenvalues in eigendecomposition,

2
In <+1 > ) (| + ( Z|u_ 1/_> = —iHa_¢ (5.2.5)

pn=1
2

I(+1) > [pe) (pe| + (™) Y |vo) (vo| = —iHa_c (5.2.6)

p=1 v=1
2

im Y |vo) (vo| = —iHac (5.2.7)

v=1

2
Hyc=-m> |v)(v| (5.2.8)
It turns out that

1) = (1004100 1D = 1), 10} 10}
(0)4 Ve~ [1)4 100) [0) 5

=[¥7) . 10)5, (5.2.9)
2-) = (04 1D 1) = D 1) 00

= 500410 = 141006) 1)
=[U7) 40115 (5.2.10)

Il
Sl SI

where |U™) is a Bell state.
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Rewriting Eq.(5.2.8),

Hyc=—m(]1-) (1] +[2-) (2-])
= —m(JU7) 0 (T @[0) 5 (0] + [T7) 1, (U7 @ [1) 5 (1)

= —m(|¥7) . (7| @ 1p). (5.2.11)
We find that the above is equivalent to
Hy o= —%(1A 21— o ®@ol — 03 ®oy — 0y ®oY) @15, (5.2.12)

where o1, 09, 03 are the x,y, z Pauli matrices. So how long does it take to swap? Let us put in

units of energy into the Hamiltonian,

h
Hic =hwHy ¢ = —%(1’4@ 1° — 0t @0f — 0 @0§ — 05 @ o) ® 15, (5.2.13)

then using Eq.(5.2.13), we denote the unitary U4c that generates the swap at a particular time,
Upe = e i Hac = gmiwiHac, (5.2.14)

When t = 1/w, Use becomes S,_¢ and the swap is completed. If the frequency w is high, it
will take a shorter time to swap. In Theorem 5 we will see the time evolution of initial states

1X) ap |7) e given by Hac = Ha_¢ (where we have set h =w =1) and Hpe =1®1® 1.

Writing H4_¢ in its diagonal representation,

-r 0 0 0 0 0 0 0
O -7 0 0 0 0 0 O
o o o0 o0 0 0 0 O

Hy e o o0 o0 0 0 0 0 O | (5.2.15)

o o0 o0 0 0 0 0 O
o o o o0 0 0 0 O
o o0 o0 0 0 0 0 O

i o o0 o0 0 0 0 0 O |
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we find

iTwt 0

imwt

—itwtHa_¢c __

Uac =e : (5.2.16)

o o O = o o o o
o O = O O o o o
o =R O O O O O O
- o O O o o o o

o o o o o o o
o O o o o O

o o o o o = o o
o o o o = o o o

since the exponential of a diagonal matrix is just the exponential of the diagonal entries.

Recalling that first two diagonal entries correspond to
emH12) (1| +[22) 2-]) = ™ (|wT) . (¥ | @ 1), (5.2.17)
and the other entries correspond to 1(14 ® 15 ® 1¢ — |V7) , (V7| ® 1p), Uac reads

Use = 104 @ 15 9 10— [07),,0 (0| @15) + 6™([07) o (9] © 1)

=14 ®1p @1+ (€™ = 1) |¥7), (¥ |®1s. (5.2.18)
As a quick check, we see that when t = 0, we are left with Uyc(0) = 1®1®1. When t = 1/w,

Uac(1/w) :1®1®1—2(}\I/_>AC<\11_‘®1B)
1
=111-2 1(1@1@1—01@)1@01—02®1®02—03®1®03)

1 1 1 1
:§1®1®1+50’1@1@0’1—’—50’2@1@0’24—503@1@03, (5219)

which is exactly Eq.(5.2.2).

5.2.1 Applying Schmidt Decomposition to Operators

From the Eq.(5.2.13), we had

h h h h
HAC:—%1@1@1—1—%01@1@01—1—%02@16@024—%03@1@03. (5.2.20)
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Let us denote

~ m m e
HAC:Zal®1®01—|—102®1®02—|—103@)1@03, (5.2.21)

where we have set i = w = 1. We claim that Hac cannot be written as a product, H, ® He.
One can intuitively see that there is no way to decompose it into such a form, but we shall

explicitly prove this and show that Eq.(5.2.21) is the Schmidt form.

Proof. Let us ignore the identity on B and write Ha¢ as

3 3
Hic=> Y huoy®oa. (5.2.22)

k=0 =0

Since Pauli matrices and identity form a basis, let us treat them as linearly independent vectors.

We define the following:

o0 = |0) Lo =11) (5.2.23)

o o o =
o o = O
o = O O
_ o O O

One should note that for ¢ # 7/,

-0, (5.2.24)

where €5 is the Levi-Civita symbol, and

(ifé) = tr(|2)(al)

= tI'(O'iUi)

_ 9, (5.2.25)



We can rewrite Eq.(5.2.22) as

Hic =323 hulhlD). (5.2.26)

k=0 [=0

where the coefficients, hy;, can be written into a column vector,

hOO
hOl

Hvec == 5 (5227)

or a matrix,

Homat = . (5.2.28)

By the Singular Value Decomposition, Hmas = UDVT, and individual hy’s are given by
Yo Uem D ViE,. U and V' are unitary square matrices and D is a diagonal matrix with

real entries.
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H o then becomes

Hac = UinDpmViE LD =Y Dy > Up|E) = Do) |vm),  (5.2.29)
) 2 D 3 Uenlk) 2 Vil =2

k,l,m

where
3
i) = Y Uil k) = Uom0) + Urn|1) + Usin|2) + Uz 3), (5.2.30)
s
V) = Y Vi ll) = Vi |0) + Vi, 1) + V5, [2) + Vi, [3). (5.2.31)

Like the usual Schmidt decomposition, (fim,|pm) = (Vm|Vm) are zero. Since U is unitary, it is

made up of orthogonal basis vectors,

Uoo Un Uo2 Uos
Uio Un Uiz Uis
|uo) = VS , Jug) = , us) = : (5.2.32)
UQO U21 U22 U23
Uso Us1 Usy Uss

where (u;|uj) = 0 for ¢ # j. Since (uglu1) = 0, we have

We can calculate (po|p1) and find

(ol ) = tr([pa) (prol)

= tr([Un|0) + Un1|1) + Un1|2) + Uz [3)][Ugo (0] + Uio (1] + Uso (2] + Uso(3]])
= [Un1Ugotr(|0)(0]) 4 Uor Ut tr(|0)(1]) + UorUstr(]0)(2]) + Un1Usotr([0)(3[)] +
[U11Ugotr(11)(0]) + UnUgtr([1)(1]) + UnnUsptr([1)(2]) + UnnUsotr([1)(3])] +
[U21Ugotr(12)(0]) + UaaUgotr([2) (1]) + UaaUsptr(]2)(2]) + U Usptr(12)(3])] +
[Us1Ugotr(I3)(0]) + Us1Ugotr([3) (1]) + Us1Usgtr([3)(2]) + UsiUzptr(13)(3])]

= (UnUgy + U Uy + U Usq + Uz Ujy) (1)

=0, (5.2.34)

where we have used Eq.(5.2.24), Eq.(5.2.25) and Eq.(5.2.33). Next, we can calculate (po|uo)-
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Since (ug|ug) = 1, we have

then

= [Uo() OtI' |0 O|) +U00U1*0t1" ’O (1| +U00 Otl" |0 2

(to|po) = tr(|po)(pol)
= tr([Uoo|0) + Uro[1) 4 Uz |2) + Uso|3)][Ugo (0] 4 Uiy (1] + Usy (2] + Uso (3]

[Ul[)UOOtI' ‘1 O’)—FUlQUfOtI' |1 1‘ ’1 2‘ +U10U§Otl' 1

)
)
)

(10)( (10)(1])

(11)( (11)(1]) + UyoUsptr
[U20Ugotr(12)(0]) + UaoUyptr(|2)(1])

(I13)( (

|2

(
(
(
( |
(

(
(10)(2D) (10)(
( (1D (1D
(1]) + UaoUsotr(12)(2]) + UsoUstr(|2)(
([UsoUgytr(I3) (0]) + UsoUsotr(|3)(1]) + UsaUsotr(|3)(2]) + UsoUsptr(|3)(3))]

= (UooUgy + UroUsy + UzoUsy + UsoUs ) (2)

(5.2.35)

)

+ UooUsotr(|0)(3])] +
)]+

2)(3])] +

)

(5.2.36)

The Schmidt decomposition of a vector can be computed using the source code from QETLAB.

We input Eq.(5.2.27) and the source code outputs the matrices, U, D and V. If we see that D

has only one non-vanishing element then H4¢ can be written in a product form.

In order to find out whether H Ac can be written as a product H 4 ® ﬁc, we input hyy =

has = hss = 7/4 (and the rest of the entries are all zero) in vector form like in Eq.(5.2.27)

and we compute its Schmidt decomposition using MATLAB. It turns out that D has three

non-vanishing diagonal entries, each being /4. This coincides with Eq.(5.2.21), therefore it is

the Schmidt form and there is no way to write it as a product. This completes the proof.
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5.3 Initial state: |¢y) = |aG7)

In this Section, we consider initial states that are in product form as shown above. In Theorem
4, we use Theorem 2 to rewrite H o and Hpc as the subclass of Hamiltonians H;, and we

prove that

E4pc(t) < Eap.cl(t),

Ep.ac(t) < Eapc(t).

Lemma 3 will be useful in proving Theorem 4.

Lemma 3. For any separable state
p= mef@af, (5.3.1)

we have Syp > 0 and Spj4 > 0.

Proof. For any separable state p =), pioiA®o?P, we can always introduce p’ where
P => piolecleli) i, (5.3.2)

such that p = tra(p').
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From strong subadditivity we have, Sapc + S < Sap + Spc, therefore

SaB

v

Sap — Sp

Using the definition of strong subadditivity.

Sapc — Spe
(Sapc — Sc) — (Spe — Se)
Sasjc — Sp|c

Using the joint entropy theorem.

Y pS(ofwal) = piS(al)

Using the entropy of a tensor product.

ZPi(S(UzA) +5(a))) - Z}%S(UZB)
ZpiS(UzA)

0.

Likewise from strong subadditivity, Sagc + Sa < Sac + Sag,

Spla

Sap — 954

Using the definition of strong subadditivity.

Sapc — Sac
(Sapc — Sc) — (Sac — Sc)
Sapjc — Sajc

Using the joint entropy theorem.

Y piS(oft@al) = piS(of)

Using the entropy of a tensor product.

Zpi(S(UzA) +5(07)) - Z}%S(U{A)
ZpiS(UiB)

0.
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Theorem 4. For a subclass of interaction Hamiltonians, Hy, that reads,

Hac=Hi+ Hy® He, (5.3.5)

Hpe = Hp + Hp ® He, (5.3.6)

where [Hac, Hpe) = 0 and the total Hamiltonian is H = Hac + Hpc, if the initial tripartite

state is |af7y) then for all times,

Sa(t) < Se(t), (5.3.7)
Sp(t) < Sc(t). (5.3.8)

Proof. Applying Theorem 1, the total Hamiltonian can be rewritten as

H=Hs+ Hys® Ho+ Hp + Hp ® He, (5.3.9)

Hac Hpco

and there is some common eigenbasis {|c)} on He, where He |¢) = E,|c¢) . Expressing |7) in

this eigenbasis,
) = ele), (5.3.10)

where 37 |7.|* = 1. The initial state reads

ay) = 3 velabe) (5.3.11)
Since [Hac, Hge| = 0, by the Baker-Campbell-Hausdorff formula, the time evolution can be
split into
6—%(HA0+HBC) |aﬁc) — g_%(HA‘f‘HA@HC g_%(HB+HB®HC)I‘aBC> ’ (5.3_12)
® ®

where we look at how each |af5c) evolves in time.

One can calculate |H 4, H AR FIC] and [H B, H B® FIC] and find that they are non-vanishing.

This means we cannot split ® and @ further. Here onwards we use the Trotter expansion.
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The Trotter expansion allows us to break matrix exponentials into infinitesimal interactions

that get repeated infinitely many times. Applying the Trotter expansion to ® and @, we have

e~ (Hacte0) g fe) = lim [(ef%me*iétm@ffc)”(efi%tHBeJ%fHBMc)"} aBc), (5.3.13)
n—oo

where At = t/n. From right to left, applying e~ Hp®He e gives,

5 (2 (2 () ()"
= e~ w BeHlB |0 8c) . (5.3.14)

1At

Applying e~ = H7 next,

e Rl RABSHC | fe) — |a) (e F e B |3) ) |e)

= ‘aﬁgl)c> ) (5.3.15)

where

£1)> = (e_i%tHBe_i%tEcﬁB |B>> The subscript ¢ shows the dependence on energy E.

and the superscript (1) indicates that we have iterated (e’mTtHBe’iéth@@ﬁc ) once. Since the

eigenstate |c) is not modified after one iteration, iterating this n times, where n — 0o, gives us

. il _iAtFaefs)" T (n)
Jim (e RA2) ) = Jim (|o3(c)

= |a5((f’°)c> ) (5.3.16)

where the superscript indicates the number of iterations.

Continuing, we apply e~ 7 Ha®He onto the result above and we get

et o) = 3 () (<5) (1) () a0
=3 (o) (45) ()" (2) " ot
= e~ T EMa | 0Blc) (5.3.17)
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Applying et Ha next, we have

. i%tHAe_i%tﬁA@)f{C ‘aﬁﬁoo)c> _ <e_¢%tHAe_¢%tECﬁ1A |Oz>> ‘5((300)> |C>

= ‘af})ﬁé“’)@ , (5.3.18)

where

1At AL T T
agl)> = (e’zTHAe’ZTEcHA \04)).

Again the eigenstate |c) remains unchanged after one iteration, so iterating this n times where

n — 0o gives us

i (e e ) o)) = L (Jol)5()c)
n—00 n—00

= |alB>)c). (5.3.19)
Hence, the initial tripartite pure state evolves to:
a7y =D qelaBe) =Y e [al™BEe) = [yy) . (5.3.20)

It is now simple to trace out subsystem C' and find the following density matrix for subsystem

AB:

108 ()] @ |85 (5] (5.321)

pan(t) =

C

Ye

Recalling Section 4.2 on the separability of mixed states, Eq.(5.3.21) shows that p4p is separable

at all times. From Lemma 3, we have Sz > 0 and Spj4 > 0. Finally,

0= Sap(t) — Sc(t)

= Spja(t) + Sa(t) — Sc(t)

> Sa(t) — Se(t), (5.3.22)
0= Sap(t) = Sc(t)

= S B(t) + Sp(t) — Sc(t)

> Sp(t) — Sc(t). (5.3.23)

Rearranging, we obtain Sa(t) < So(t) and Sp(t) < Sc(t), which completes the proof. O
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Since the relative entropy of entanglement of a bipartite pure state, Ex.y, is equivalent to the

von Neumann entropy of either subsystem, Sy or Sy, we can interpret our result as

Eapco(t) < Eapc(t), (5.3.24)

Eac:p(t) < Eap.c(t). (5.3.25)

This is a very intuitive statement. Since our total Hamiltonian is H ¢ + Hpc, i.e. subsystems
A and B do not interact directly but only via mediator C', one might expect that entanglement

between A(B) and other subsystems is bounded by how much entanglement is present in the

mediator.

Using MATLAB, we generated 100 commuting Hamiltonians of the form Huc = Hy + Hac
and Hpe = Hp + Hpe and 10,000 random pure product states for each pair of Hamiltonians.
Indeed we observe that S4(t) < Sc(t) and Sp(t) < Sc(t). Figure[p.3|below shows an exemplary

dynamics of a random pure product state evolved using those Hamiltonians.

D? T T T T : T T
\ N,
0.6 [ \ / _
\ \ |
| '|P." ! ,'I
Il / Vo ' i
0.5 lII I". I". IIl
ﬁ |III II I': II|I |I
(73] | II III III | |I
= E 0.4 [ II | Ill II|I |I !
g5 T 5 Ry
_:; W I II III 1 |I )
I % I \ \ A
W Eosf \ /' Y - .
0.2 Scit) o
S_(t) {
% E[t} \_/
01| / 2
/
J
D i 1
0 0.5 1 15 3.5
Time/s

Figure 5.3: A random |a/3y) initial state evolved using random commuting general Hamiltonians that
can be written in the form Hyo = Hao + Hyc and Hge = Hp + Hpc.
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5.4 Initial state: [¢o) = |x) 57

In this Section, we look at bi-product states |x) 45 |7)o, where A and B are initially entangled.
We sampled 100 commuting interaction Hamiltonians of the form H o = Ha + H 4c and

Hpe = Hg + Hpe for 10,000 random bi-product states each. Our numerical results suggests

Sa(t) — Sa(0) < Se(t),
Su(t) — Sp(0) < Set). (5.4.1)

This is rather intuitive since it reduces to the bound we proved in Theorem 4 for pure product
states (S4(0) = Sp(0) = 0 for |afB7)). One can interpret this as the entanglement distributed
to A/B has to be less than the entanglement communicated by C. Although we are unable
to prove this bound analytically, below we present a plot that illustrates the tightness of this
bound.

08| 1
0.7 | .
® S_ib
0.6 H
5c -
=] 5.t - 5,(0)
E g 05 B B
= E S (1) - S,(0)
s

D.2||| | Lﬂlnll | |ﬁ 1|l I||||| |
: ﬂ'l'ﬂ II ﬁ ' IV I ||" I 1‘ | .|I| '\ lmw ',\' Ir”?ll f.I ‘\ f |
0.1 ff IIII||||| IIII IIIIII.I\ llllllllII | @ \‘Iu I | M“ I”u

0 # L' '-ll'l u' ||I'.l| AN .'I' TR T I'ﬂ /R | J VR Il "'

Time/ls

Figure 5.4: A random |x) 45 |7) ¢ initial state evolved using random commuting general Hamiltonians
that can be written in the form Ha o = Hp + HA ® Hc and Hgo = Hg + HB ® HC The black line
is Sc(t), the purple line is S4(t) — Sa(0) and the red line is Sg(t) — SB(0).

In a bid to prove this bound analytically, we have looked at other approaches: trying to simplify
the problem or restrict ourselves to specific Hamiltonians or specific initial states. Amongst
these approaches, we managed to prove |Sa(t) — Sa(0)| < Se(t) for the case where H 4¢ realizes
the swap operation Ss_¢ at some particular time and Hpg¢ is the identity operator. We present

the proof of this in Theorem 5.
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In Theorem 6, we continue to look at bi-product states |x) ,5 |7)¢ for commuting interaction
Hamiltonians of the form Hac = Hq + ]:IA ® lfIC and Hge = Hp + I:IB ® ﬁc. We show that
unitary dynamics comes into play and prove that Sa(t) > Sa(0) and Sg(t) > Sp(0). Using
Theorem 6, we find S4(0) — Sa(t) < Se(t) and Sp(0) — Sp(t) < Se(t) which is analogous to

part of what we had in Theorem 5.

Theorem 5. For an initial state |vo) = |X) 45 |7)c and interaction Hamiltonians of the form

HAC:—%1®1®1+%al®1®al+202®1®02+20—3®1®ag, (5.4.2)
Hpe=1®1®1, (5.4.3)

where [H ac, Hpe] = 0 the total Hamiltonian is H = Hac + Hpe, we have at any time:
|Sa4(t) — Sa(0)] < Sc(t). (5.4.4)

Proof. Since [Hac, Hpc] = 0, by the Baker-Campbell-Hausdorff formula, the time evolution of

our initial state reads
[1he) = €7 HAHTEE) |y)) = e~ Hac =R HBC [y)g) (5.4.5)

Since Hpc is the identity, it just adds a global phase of e . Recalling that Uye = e~ nHac
from Eq.(5.2.14),

() = €™ Uac [t) - (5.4.6)

papc(t) then reads

pasc(t) = ) (Wil = Uacpanc(0)Ul. (5.4.7)

Since unitary evolution does not change the entropy, Sac(t) = Sac(0). Since the evolved state
|1;) and the initial state |¢y) are pure, we have Sac(t) = Sp(t) and Ssc(0) = Sp(0). Combin-
ing, we get Sp(t) = Sp(0). This is intuitive since our interaction Hamiltonians do not change

the state of B.
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Since the mutual information between any two parties is always non-negative, we can write

SA(t) + Sc(t) — SAc(t) >0 (548)

USng SAc(t) = SAc(O) = SB(O) = SA(O), we get

Sa(t) = Sac(0) > =Se(t)

54(0) = Sa(t) < Sc(t), (5.4.9)

where Sg(0) = S4(0) because |x) 45 is pure. Using strong subadditivity, we find

SABc<t) + SA(t) < SAc(t) + SAB(t)

0+ SA(t) < SAc(t) + SAB(t)

= S4(0) + Sc (). (5.4.10)

Combining Eq.(5.4.9) and Eq.(5.4.10), we get
|Sa(t) — S4(0)] < Se(t). (5.4.11)
This completes the proof. ]

0.8

Entropy
(dimensionless)

02 \ / St \
\ o
0.4 \\/ S, -5,(0) \\
06 . L . : : \/
0 05 1 15 2 25 3 35
Time/s

Figure 5.5: A random |x) 45 |7) initial state evolved using Hac that generates the swap Sa_c at
t =1 and Hpc = Identity. We set h = w = 1.
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If we look at Figure (we set h = w = 1), from 0 < ¢t < 2, we see it is symmetrical about
t =1. At t = 1, the swap is completed. A and C have successfully exchanged their initial
states. From 1 <t < 2, the graph is a reflection of itself from 0 < ¢ < 1 since it is swapping
back to what we had originally. We also see that S4(t) = Sc(t + 1). This can be shown easily.

Using the Schmidt decomposition, the initial state reads,

[v0) = VPla) 4 V) g V) e+ V1—plar) 4 [b0) V)¢ (5.4.12)

Using Eq.(5.4.6) and Use from Eq.(5.2.18), the state at time ¢ reads

() = €77 (€™ +1)(1/2) (VP la) [B) [v) + V1= plas) [br) 7)) +
e (1 — e ™N)(1/2) (D7) 1b) |a) + /T = pl) [b) lar)). (5.4.13)

The density operator of the composite system at time t is just p; = |1;) (¢]. Setting w = 1
and pushing through the math, the reduced density operators of subsystem A and C read

pa(t) = (1/2)(1 + cos(mt))(pla) {al + (1 = p) lar) (ar]) + (1/2)(1 = cos(wt)) [7) (v] +
(1/4)(1 = e*™)(p{al) la) (v + (1 = p) {aLly) las) (7)) +
(L/D(L = e™™)(p (vla) 1) {al + (1 = p) (lar) [7) (ar]), (5.4.14)
po(t) = (1/2)(1 + cos(nt)) |v) (7] + (1/2)(1 = cos(xt))(p|a) al + (1 = p) ar) (ar]) +
(L/9(1 =€) (p (vla) [) {al + (1 = p) (Ylar) [v) {arl]) +

(1/4)(

1/4)(1 = e7*™)(p (al) la) (v + (1 = p) ar]y) las) (v])- (5.4.15)

Substituting cos(m(t + 1)) = cos(nt + m) = cos(nt)cos(m) — sin(nt)sin(r) = —cos(nt) into
Eq.(5.4.15), and since e*27(+1) = 27t one easily finds that pa(t) = pe(t +1). Therefore it is
not surprising that S4(t) and Sc(t) are translations of each other by a period of 1. In general

if we had not set w = 1, we would observe
SA(t) = Sc(t + 1/&)). (5416)

When A and B are initially minimally entangled, S4(t) — Sa(0) < S¢(t) forms a tight bound.
In Figure , we give an example where we consider the initial state [¢9) = (1/0.99]01) +

v/0.01[10)) |1).
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Figure 5.6: Illustrating a tight bound for the initial state |¢o) = (1/0.99]01) + +/0.01|10)) |1).

Also, one might expect the equality condition happens when A and B are not entangled initially

(from looking at Figure . We can prove this using strong subadditivity,
SAgc(t) + Sc(t) < SBC(t) + SAC(t). (5417)

Since the evolved tripartite state is pure, Sapc(t) = 0, Spc(t) = Sa(t) and Sac(t) = Sp(t).
The state of B is unchanged throughout our evolution and A and B are initially in product

form, so Sg(t) = Sp(0) = 0. Eq.(5.4.17) reads,

04 Sc(t) < Sa(t) + Sp(t)
= Sa(t) + Sp(0)
= Sa(t) + 0. (5.4.18)

Rearranging, we get Sa(t) > Sc(t), and from Theorem 5 we have S4(t) < Sc(t). Therefore the

only way for this to make sense is for S4(t) = Sc(t).
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Theorem 6. For a subclass of interaction Hamiltonians, Hy, that reads,

Hac=Hy+ Ha® He, (5.4.19)

Hpe = Hp + Hp ® He, (5.4.20)
and [Hac, Hpe) = 0, if the initial tripartite state is |x) ap |7) e, then

Sa(t) > S4(0), (5.4.21)

Sgp(t) > Sgp(0). (5.4.22)
Proof. Let us define the eigendecomposition of He as
He = clc) {c| +ci |ei) (eu], (5.4.23)

where ¢ and ¢, are energy eigenvalues and {|c) , |c.)} are the eigenstates of He. Expressing |7)

as eigenstates of Ho and applying the Schmidt decomposition to AB, our initial state reads,

[to) = a)[b) + /1 —plar) b)) |e) + 2 lel)), (5.4.24)

where |v1|* + |72° = 1 and p is probability. Since [Hac, Hpe] = 0, by the Baker-Campbell-

Hausdorff formula, the time evolution of our initial state reads,

‘¢t> _ % Hac+Hge) ’w >

_ 6—%(HAC)€—%(HBC) |¢0>

e~ RO+ HAOHC) o~ (s +HpOHO) |y ) (5.4.25)

Applying the Trotter expansion, we find

W)t> — lim [(6—%HA€—%I§TA®JEIC>"<€ 1AtHBe—ftHB®HC) ] |¢0>
n—oo
| The steps are the same as what we did in Theorem 4.
| We will skip straight to the result. One may refer to Theorem 4 if need be.

= (VP|aX) b)) + /1 —pla L) |6° LYy |e) +
(VP |aZ ) [b%) + /1 —plag L) |6 leq (5.4.26)

52



where

1At

a3%) = (7 B e W2 a) - (b7) = (7 R Hrem o) )
022 L) = (¢7 T e W)X Jay) o L) = (¢ H me T )=y, )
) = (e~ R Hag= Rrerfiaye gy [b2) = (e~ FHe _@CLHB)OO ) (5.4.27)
a3 L) = (e e ey @a,) b L) = (e W Mme W iny< )
One can show that |a°) and |aZ® L) are orthogonal (and the same applies for {|a2®) ,|a2® L)},

1At

{[bz°),[b2° L)} and {[b2°),[62° L)}). In the process, we will show that (e_mTtHAe_ rieHa)oo g

unitary and it preserves the orthogonality between |a) and |a,;) (and the rest will follow).

Consider one iteration. We have,

|al) = (e_iAtHA _i%tCHA) a), (5.4.28)
|al L) = (e= " Hae= 7 eHay g, ). (5.4.29)
Then,
(atlat L) = (a e Fa (e Hae W Ha)e= e Jq, )
= (ale ™M (1)e Ty )
= (a|1]a1)
—0. (5.4.30)

One can see that if this is the case for one iteration, this will still be the case for infinitely
many iterations. Since they preserve orthogonality, we can treat them as unitaries. Putting

this aside first, we find the reduced density matrix on A to be

pa(t) = trpe(|ve) (i)

= P (plaZ) (@] + (L =p) [ag® L) (@ L]) + [0l (p|ag ) (o | + (1 = p) |aZ L) (a2 L]).
(5.4.31)
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: o _iAtp At Ll i, f :
Denoting unitaries U; = (e™ & Tae™ 5 “Ha)> and Uy, = (e= » Hae™n LHA)® we can rewrite

Eq.(5.4.31) as,

pa(t) = ImP(pUs|a) (| Uf + (1 = p)Us|ar) (ar| U]) + |naf*(pUs |a) (a| U3 + (1 = p)Us |a) {ar| U)
= m[PUi(pla) (al + (1 = p) lar) (@ NUL + |l Us(pla) (al + (1 = p)|ar) (ar US

= MPUrpa(O)U] + [2[*Uapa(0) U, (5.4.32)
where we note that p4(0) is just pla) (a| + (1 — p) |ay) (aL].
The concavity of the entropy was stated in [12] as
S(Zpipi) > Zpis(pi)' (5.4.33)
We notice that pa(t) takes the form of 3. pip;, where 7’s are probabilities and Usp,(0)U] form

the p;’s. S(p;) = S(pa(0)) since unitary operations do not change entropy. The above then

reads,

S(palt)) = 32 piS(pa(0)
= S(0a0) Y

= S(pa(0)). (5.4.34)

The same holds for B. Summing up,

Sp(t) > Sp(0). (5.4.35)

This completes the proof. O
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Even though we are unable to prove the bound in Eq.(5.4.1) that we had from extensive
numerical search, we are able to prove the other way around that S4(0) — Sa(t) < Sc¢(t) and

Sp(0) — Sp(t) < Sc(t). The proof goes as follows.

Proof. From strong subadditivity, we have

SABC(t) + SA(t) < SAc(t) + SAB(t),

Sa(t) < Sp(t) + So(t), (5.4.36)

since the evolved tripartite state |1/;) is pure.

Using Theorem 6, and the fact that |x) ,5 is pure, we are able to write,

S5(0) = 54(0) < Su(t) < Sp(t) + Se(t). (5.4.37)

Rearranging, we end up with Sg(0) — Sp(t) < Sc(t). The same holds for A. Summing up,

Sa(0) = Sa(t) < Se(t),
S5(0) — Sp(t) < Se(t). (5.4.38)

]

This statement turns out to be trivial since Theorem 6 ensures that the LHS of the inequality
is less than or equal to zero. Since the von Neumann entropy is a non-negative quantity, it is

natural that Sc(t) will be greater than some value that is less than or equal to zero.
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Chapter 6

Conclusion

In this thesis, we started off introducing entanglement distribution between A and B via ancilla
C', where A and B do not interact with each other directly but only via C'. We looked at what
it means for general Hamiltonians H 4o and Hpgc to commute. This led us to two subclasses of
Hamiltonians. The subclass of Hamiltonians H; corresponds to having A and B continuously
interact with C'. Then the common eigenbasis will be product on C. The subclass of Hamilto-
nians Hs corresponds to isolating either A and B from interacting with C'. Then the common
eigenbasis would not be product on C'. We explicitly considered the case where H 4 generates
the swap operator S4_¢ at a particular time and swaps the state of A with C' while Hpgc is just
the identity operator. In this case, effectively B does not interact with C'. Yet, for initial bi-
product states |x) 45 |7), Wwe managed to prove a suggestive bound: [S4(t) — Sa(0)] < Sc(t).
For these two classes of Hamiltonians, we considered pure product states |1y) = |af7v) and
bi-product states [1)g) = |X)517)c- We showed some non-trivial entropic bounds that shed

light on continuous entanglement distribution picture.

6.1 Future directions

We were unable to prove for the subclass of Hamiltonians 7, and initial states |x) 45 |7)o that

Sa(t) = Sa(0) < Se(t),
Sp(t) — SB(0) < Sc(t).

We tested 100 pairs of commuting Hamiltonians of that form for 10,000 initial states each and
there have been no counterexamples that violate it. The bound seems intuitive and numerical

results seem optimistic. A future research direction would be to prove this bound analytically.
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